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Abstract 

 
       Strengthening of reinforced concrete columns by carbon fiber 

reinforced polymer (CFRP) jacket has emerged in recent years as an 

attractive alternative to the strengthening by steel plate jacket or 

reinforced concrete jacket due to the attractive mechanical properties of 

CFRP composites such as: high tensile strength, light weight, high 

resistance to corrosion, short period for installation, easy of application 

and low cost for maintenance.  

       In this study, three dimensional finite element models have been 

presented using ANSYS computer program (Release 9.0)  to analyze 

reinforced concrete columns strengthened with CFRP composites , to 

evaluate the gain in performance (strength and ductility) due to 

strengthening, and to study the effect of the most important parameters 

such as: thickness of CFRP layer, modulus of elasticity of CFRP, 

compressive strength of concrete , aspect ratio of cross section, column 

slenderness ratio, state of eccentric loading and corner radius of square 

column sections. 

       Three dimensional eight-node brick element (SOLID65) was used to 

represent the concrete, and three dimensional spar element (LINK8) was 

used to represent the steel and three dimensional shell element 

(SHELL99) was used to represent the CFRP composites. 

       The present study compares the analytical results from the ANSYS 

finite element analysis with experimental data for three types of columns 

(Circular, square and rectangular) of three tests. The analytical results 

show good convergence with the experimental results. 

       The parametric study shows an increase in the gained strength and in 

ductility as compared with the controls, with an increase in CFRP 



 III 

thickness to (0.660mm) .The increase reaches (170.15% in strength and 

201.7% in ductility) for circular columns and (83.2% and 107.9%) 

respectively for square columns, and with an increase in the CFRP 

modulus of elasticity to (560GPa), the gain reaches to (111.8% and 

217.5%) respectively for circular columns and (69.73% and 91.64%) 

respectively for square column, and with an increase in the corner radius 

of square column cross section to (35mm) the gain reaches (141.6% and 

253.2%) respectively. The study also shows lower gain in strength and 

ductility with an increase in compressive strength of concrete. But there 

was a decrease in the gained strength and ductility with an increase of the 

aspect ratio of rectangular cross section increase, and with an increase in 

the slenderness ratio and when the columns are subjected to the state of 

eccentric loading.  
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CHAPTER SEVEN 

CONCLUSIONS  

AND 

 RECOMMENDATIONS  
 

7.1 Conclusions:      

       Depending on the results of the nonlinear finite element analysis on 

the CFRP-strengthened reinforced concrete columns conducted 

throughout this study, the following conclusions can be made: 

1- The general behavior of finite element stress-strain curves at mid- 

height of the columns strengthened with CFRP jacket using ANSYS 

program shows good agreement with the available experimental stress-

strain curves, and the analytical results have good convergence with the 

experimental results with maximum error in load 9% and maximum error 

in axial strain 10%. Therefore, the finite element models used in this 

study are suitable in analysis of this type of structure.  

 

2- The strengthening, provided by the CFRP jacket system, improves 

both the load carrying capacity and the ductility of the reinforced 

concrete columns and this method of strengthening is seen to be 

applicable to different kinds of columns (circular, square and rectangular) 

but in different degrees. 

 

3- The gain in strength and ductility for RC columns strengthened with 

CFRP effectively increases with the thickness of CFRP layer. When the 

thickness of CFRP jacket is changed from (0.165 to 0.660 mm), the 

gained increase in axial strength increases from (33.3 to 170.15%) and 
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the gained ductility increases form (46.4 to 201.7%), as compared with 

the controls respectively for circular columns, while for the square 

columns, the gained increase in strength ranges from (24.6 to 83.2%) and 

the gained ductility increases from (31.8 to 107.9%), as compared with 

the controls respectively.  

 

4. The gain in strength and ductility for RC columns strengthened with 

CFRP decreases with the increase in concrete compressive strength (f'c). 

For a circular column, when f'c is increased from (23.8 to 65 MPa), the 

gained increase in strength decreases from (170.15 to 116.02MPa) and 

the ductility decreases from (201.7 to 176.44%), as compared with the 

controls respectively. However for square columns, when f'c is increased 

from (19.6 to 65MPa), the gained increase in strength decreases from 

(83.2 to 60.78%) and the ductility decreases from (107.95 to 73.97 %), as 

compared with the controls respectively. 

 

5. The modulus of elasticity of CFRP is less effective than the CFRP 

thickness in increasing the strength, but it is more effective in increasing 

the ductility. For the circular columns, the increase in modulus of 

elasticity from (227 to 560GPa) results in an increase in gained strength 

(33.3 to 111.8%) and gained ductility (46.4 to 217.5%), as compared with 

the controls respectively, while for square columns, the gained increases 

in strength are (24.6 to 69.73%) and the gained ductility from (31.81 to 

91.65%), as compared with controls respectively. 

  

6- The improvement of column axial strength and ductility due to the 

strengthening with CFRP becomes less significant as the aspect ratio 
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(length to width) of the rectangular column cross section increases. When 

the aspect ratio is changed from (1 to 2.7), the increase in strength 

decreases from (94.7 to 36.98%) and ductility from (196.34 to 132.89 %), 

as compared with the control respectively. 

 

7- For a square RC column, when the slenderness (height to width) ratio 

increases, the enhancement in strength and ductility becomes less. When 

the slenderness is increased from (2.3/1 to 4.6/1), the gained axial 

strength decreases from (94.7 to 29.56%), and the gained ductility 

decreases from (196.34 to 47.76%), as compared with the controls 

respectively.  

 

8- In spite of the eccentric loading state to lessen the effect of 

strengthening with CFRP jacketing for RC columns, the enhancement in 

strength and ductility due to strengthening remains significant. When a 

square RC column loaded with eccentricities varying from (0 to 16.5mm), 

the gain in strength decreases from (85.56 to 74.6 %), and the gain in 

ductility decreases from (158.63 to 133.48). 

  

9- Reduction of corner sharpness of a square column cross-section by the 

increase in the corner radius is a very effective parameter in enhancing 

the gained increase in axial strength and ductility for the square RC 

column. When the radius of corner is increased from (5 to 35mm), the 

gain in axial strength increases from (65.8 to 141.6%), and the gained 

ductility increases from (129 to 253.2%). 
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7.2 Recommendations: 

1- The influence of the temperature and creep on the strengthening of 

reinforced concrete columns with CFRP can be studied. 

2- The strengthening of CFRP on reinforced concrete column of high 

concrete compressive strength can be studied. 

3- The repair of reinforced concrete columns by CFRP composites can be 

studied. 

4- The strengthening of slab, beam-column joints with CFRP composites 

or other types of FRP composites can be studied. 
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CHAPTER THREE 

FINITE ELEMENT FORMULATION 

AND 

NONLINEAR BEHAVIOR 
 
 

3.1 Introduction:  

        The finite element method is a numerical procedure that can be 

applied to obtain solutions to a variety of engineering problems; it has 

become a powerful and versatile tool for stress analysis. The finite 

element technique has been used for linear and nonlinear analysis .It has 

two primary subdivisions. The first utilizes discrete elements to obtain the 

joint displacements and member forces of a structural framework. The 

second uses the continuum elements to obtain approximate solutions to 

heat transfer, fluid mechanics, and solid mechanics problems. The 

formulation using the discrete elements is referred to as the "matrix 

analysis of structures" and yields results identical with the classical 

analysis of structural framework. The second approach is the true finite 

element method .It yields approximate values of the desired parameters at 

specific points called nodes. A general finite element computer program, 

however, is capable of solving both types of problems and the name 

"finite element method" is often used to denote both the discrete element 

and the continuum element formulations.                                                     

      The finite element method combines several mathematical concepts to 

produce a system of linear and nonlinear equations. The number of 

equations is usually very large, anywhere from 20 to20,000 or more and 

requires the computational power of   the digital computer.  The method 

has little practical value if a computer is not available
 (44)

.
 
In the present 

study, powerful nonlinear three-dimensional finite element analysis 
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software ANSYS Release 9.0 is used for analysis of RC columns 

strengthened with CFRP composites.                         

 

3.2: ANSYS Computer Program: 

       ANSYS (ANalysis SYStem) is a comprehensive general-purpose 

finite element computer program that contains over 100,000 lines of code 

and more than 180 different elements. It is capable of performing static, 

dynamic, heat transfer, fluid flow, and electromagnetism analysis. It has 

been a leading finite element analysis program for well over 20 years.             

ANSYS can be used in many engineering fields, including structures, 

aerospace, electronic, nuclear problems and it is a very powerful and 

impressive engineering tool that may be used to solve a variety of 

problems. One of the main advantages of ANSYS is the integration of the 

three phases of finite element analysis: pre-processing phase, solution 

phase and post-processing phase.                                                       

       Pre-processing routines in ANSYS define the model, subdivide the 

problem into nodes, elements, and apply loadings and boundary 

conditions. Displays may be created interactively on graphics as the data 

are input to assist the model verification. Post-processing routines may be 

used to retrieve analysis results in a variety of ways. Plot of the structure 

deformed shape and the stress or strain contours are obtained
 (45)

.                                                                                              

 

3.3 The Finite Element Concept:  

       The finite element method is based on the representation of a body or 

a structure by an assemblage of subdivisions called finite elements. These 

elements are considered to be connected at nodes. Displacement functions 

are chosen to approximate the variation of displacements over each finite 

element. Polynomial functions are commonly employed to approximate 
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these displacements. Equilibrium equations for each element are obtained 

by means of the principle of minimum total potential energy. These 

equations are formulated for the entire body by combining the equations 

for the individual elements so that the continuity of displacements is 

preserved at the nodes. The resulting equations are solved by satisfying 

the boundary conditions to obtain the unknown displacement.                                         

       The entire procedure of the finite element method involves the 

following steps:                                                                                        

1. The given body is subdivided into an equivalent system of finite 

elements. 

2. A suitable displacement function is chosen. 

3. The element stiffness matrix is derived using a variational principle 

of mechanics such as the principle of minimum total potential 

energy.  

4. The global stiffness matrix for the entire body is formulated by 

assemblage.  

5. The algebraic equations thus obtained are solved to determine 

unknown displacements. 

6. Element strains and stresses are computed from the nodal 

displacements
 (46)

.  

3.4 Equilibrium Conditions: 

       The equilibrium equation for a nonlinear structure in a static 

equilibrium is derived using the principle of virtual work. The principle 

states that "if a general structure in equilibrium is subjected to a system of 

small virtual displacements within a compatible state of deformation, the 

virtual work due to the external action is equal to the virtual strain energy 

due to the internal stress"; thus 
(47)

: 

                                             Wint = Wext                                          ---- (3-1) 

where 
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Wint. = internal work (strain energy) 

Wext. = external work (work done by the applied force) 

 The virtual internal work is: 

                                      
v

T
.int dV.W                        ---- (3-2)                     

where: 

  = elements of virtual strain vector  

{} = elements of real stress vector  

 dV = infinitesimal volume of the element 

By using the general stress-strain relationship, stresses  , can be 

determined from the corresponding strains {} as: 

                                    {} = [D] {}                               ---- (3-3)            

where       

 D  =constitutive matrix  

After substituting Equation (3-3) into (3-2), the virtual internal work can 

be written as: 

                                         
v

T
dVDW .int                      ---- (3-4) 

The displacements {U} within the element are related by interpolation to 

nodal displacements {u} by: 

                                           {U} = [N]{u}                         ---- (3-5) 

where 

 N  = shape function matrix  

{u}  =unknown nodal displacements vector (local displacements) 

{U}= body displacements vector (global displacements). 

By differentiating Equation (3-5), the strains for an element can be related 

to its nodal displacements by: 

                                            }{uB                                 ---- (3-6)   
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where 

 B = strain-nodal displacement relation matrix, based on the element 

shape functions 

Assuming that all effects are in the global Cartesian system, and then 

combining Equation (3-6) with Equation (3-4) yield: 

                                 
v

TT
udVBDBuW ...int               ---- (3-7)                          

The external work, which is caused by the nodal forces applied to the 

element, can be accounted for by: 

                                              Wext. = }{ u {F}                      ---- (3-8)                                                      

where 

{F}= nodal forces applied to the element 

Finally, Equations (3.1), (3.7) and (3.8) may be combined to give: 

                                       
v

TTT
FuudVBDBu                 ---- (3-9)                 

Noting that  T
u  vector is a set of arbitrary virtual displacements, the 

condition required to satisfy Equation (3-9) can be reduced to: 

                                  {F}= [K
e
]  {u} ---- (3-10)  

where 

                                    
v

Te dVBDBK                        ---- (3-11) 

[ eK ] = Element stiffness matrix 

 dV = dx . dy . dz 

Equation (3-10) represents the equilibrium equation on a one-element 

basis. For all elements, the overall stiffness matrix of the structure  K  is 

built up by adding the element stiffness matrices (adding one element at a 
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time), after transforming from the local to the (overall) global 

coordinates, this equation can be written as: 

 

                                     uKF a                                ---- (3-12) 

where 

   
n

eKK ][ = overall structural stiffness matrix 

   FF a  = vector of applied loads (total external force vector) 

  n = total number of elements 
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3.5 Nonlinear Behavior:  

       Nonlinear structural behavior arises from a number of cases, which 

can be grouped into these principal categories: 

1. Changing Status: Many common structural features exhibit nonlinear 

behavior that is status-dependent. For example, a tension-only cable is 

either slack or taut 
(44)

.
 
 

2. Geometric Nonlinearities: These arise when a structure experiences 

large deformations in geometric configuration enough to change the way 

by which the load is applied, such as in the behavior of slender columns 

or long slender beams
 (44, 48, and 49)

.
 
 

3. Material Nonlinearities: These arise when the properties of the 

material suffer from nonlinearity changes during the load history
 (44, 48, and 

49)
.
      

   

       In most reinforced concrete structures, the effect of changing status 

and geometric nonlinearity can be neglected for the majority of cases. 

This is due to the early onset of material nonlinearity.       

       In the analysis of RC columns strengthened with CFRP, sudden 

changes in the element stiffness due to cracking, crushing of concrete, 

debonding failure between the CFRP laminate and the concrete, yielding 

of steel reinforcement and the plastic deformation of concrete and 

reinforcement represent the main sources of the nonlinearity.     

       One of the main objectives of finite element analysis of structures is 

to determine the structural response under loading. This can be achieved 

relatively easily in linear problems. In nonlinear problems, however more 

sophisticated solution strategies are employed. 

       In general, a nonlinear solution is usually obtained by making a 

successive linear approximates until the constitutive laws and equilibrium 

conditions are satisfied within acceptable error 
(50)

.  
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3.6 Nonlinear Solution Procedure in ANSYS:  

       In a simple linear elastic problem, using the finite element method, 

the fundamental approach of solution is a solving process of a set of 

algebraic equations for unknown displacement {u} of the form of 

Equation (3-12). The solution of these algebraic equations can be 

obtained directly.                            

       However in nonlinear equations, the coefficients of the stiffness 

matrix [K] is itself a function of the unknown DOF values (or their 

derivatives); therefore, the solution of these equations cannot be obtained 

directly.     

       There are several numerical methods to solve nonlinear equations 

regardless of the source of nonlinearity; one of the most famous methods 

is Newton-Raphson method 
(49)

.    

3.6.1 Newton-Raphson Method: 

       ANSYS program adopts Newton-Raphson method in solving 

nonlinear problems. In this method, Equation (3-12) can be written as: 

}{}{}]{[ nr
i

FaF
i

uT
i

K      ---- (3-13) 

     }{}{}
1

{
i

u
i

u
i

u 


           ---- (3-14) 

where: 

][ T
i

K = Tangent stiffness matrix 

i=subscript representing the current equilibrium  

}{ nr
i

F =vector of restoring loads corresponding to the element internal 

loads. 

       In this method, the load is subdivided into a series of load 

increments. The load increments can be applied over several load steps.  

       Before each solution, the Newton-Raphson evaluates the out of 

balance load vector  which is the difference between the restoring forces  
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(the load corresponding to the element stresses) and the applied loads 

.The program then performs a linear solution, using the out of balance 

loads and the updated stiffness matrix, and checks for convergence . If a 

specified convergence criterion is not satisfied, the out of balance load 

vector is reevaluated, the stiffness matrix is updated, and a new solution 

is obtained. This iterative procedure continues. 

       A number of convergence enhancement and recovery features, such 

as line search, automatic load stepping, and bisection, can be activated to 

help the problem to converge. If the convergence cannot be achieved, 

then the program attempts to solve with a smaller load increment.        

       In some nonlinear static analyses, if Newton-Raphson method is used 

alone, the tangent stiffness matrix may become singular (or non-unique), 

causing severe divergence difficulties. Such occurrences include 

nonlinear buckling analyses in which the structure either collapses 

completely or "snaps through" to another stable configuration. For such 

situations, an alternative iteration scheme must be activated, the arc-

length method, to help avoid bifurcation points and track unloading. 

       The arc-length method causes the Newton-Raphson equilibrium 

iterations to converge along an arc, thereby often preventing divergence, 

even when the slope of the load vs. deflection curve becomes zero or 

negative. This iteration method is represented schematically in Figure (3-

1)  

 

Figure (3-1) Newton-Raphson method vs. arc-length method 
(49)
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From the previous discussion, a nonlinear analysis in the ANSYS 

computer program can be organized into three levels of operation: 

 The "top" level consists of the load steps that it defines explicitly 

over a "time" span. Loads are assumed to vary linearly within load 

steps (for static analyses), as shown in Figure (3-2). 

 Within each load step, it can direct the program to perform several 

solutions (substeps or time steps) to apply the load gradually. 

 At each substep, the program will perform a number of equilibrium 

iterations to obtain a converged solution. 

       

Figure (3-2) Load step, substeps and time 
(49)
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 Newton-Raphson method takes three procedures in iteration process, as 

in the following 
(49)

: 

1. Full Newton-Raphson Procedure: 

       In this procedure, the stiffness matrix is updated at every equilibrium 

iteration, thus a large amount of computation may be required to form 

and solve the stiffness matrix. 

2. Modified Newton-Raphson Procedure: 

       In this procedure the stiffness matrix is updated only at the beginning 

of the first or second iteration of every load increment. This procedure is 

more economical than full Newton-Raphson since it involves fewer 

stiffness matrix reformulations, but the convergence is slower and a large 

number of iterations are required to achieve a converged solution.  

3. Initial-Stiffness Procedure: 

       In this procedure, the stiffness matrix is formed and solved only at 

the beginning of the analysis, and the program uses this initial stiffness 

matrix at every equilibrium iteration. For this procedure, the computation 

cost per iteration is significantly reduced, but in case of strong 

nonlinearities, the method often fails to converge. 

       In the present study, the full Newton-Raphson method with the finite 

element method is used in analyzing the models. 

 

3.6.2 Convergence Criteria: 

       In order to decide when the iterative procedure should be terminated, 

a convergence criterion is required. The program will continue to do 

iterations until the convergence criteria are satisfied (or until the 

maximum number of equilibrium equations is reached). 

       ANSYS automatic solution control uses force (and moment) 

tolerance (TOLER) equal to 0.5%, and also uses displacement with the 
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same tolerance as a default. Custom criteria can be defined if the settings 

are not suitable.    

       Program will check for force and when rotational degrees of freedom 

are active, moment convergence by comparing the square root sum of the 

square (SRSS) of the force imbalance against the product of 

(VALUE*TOLER). The default value of (VALUE) is the SRSS of the 

applied loads (or of the applied displacements, of the Newton-Raphson 

restoring forces). 

       For the displacements, the program bases convergence checking on 

the change in deflections (Δu) between the current (i) and the previous (i-

1) iterations: Δui=ui-ui-1 
(49)

. 
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CHAPTER ONE 

INTRODUCTION 
1.1 General:                                                 
 

      Strengthening of reinforced concrete columns is one of the most 

important tasks in civil engineering .Reasons of strengthening may be a 

change in structural use or removal of some adjacent load bearing 

structural members or when the column is sought to be used in a different 

manner from previously planned or because it is damaged by external 

factors during its service. The common strengthening methods, for   

reinforced concrete column to increase the carrying capacity against axial 

loads and bending moments, are given in the following:
 
                                                                           

1. Enlargement of column section with reinforced concrete jackets. This 

method is comparatively cheap and does not require special construction 

techniques, but the increase in the column size obtained after the jacket is 

constructed and the length of construction period make this method 

unattractive.                                                                                                  

2. Using steel plate jacketing. This method has proved to be an effective 

measure for retrofitting and has been widely used in practice, but steel 

corrosion in corrosive environment and the need to heavy equipments for 

construction make this method uneconomical, also Poisson' ratio of steel 

is higher than that of concrete at early stage of loading, this differential 

expansion results in partial separation of the two materials which results 

in delaying the activation of confinement mechanism. Furthermore, high 

modulus of elasticity of steel exerts large portion of axial load to steel 

jacket resulting in premature buckling 
(1)

.                                                         

      All these disadvantages of reinforced concrete and steel jackets made 

the researchers look for alternative materials.                                              
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      Recently fiber reinforced polymer FRP has emerged as a new material 

to be used in structural engineering due to its attractive mechanical 

properties such as: high tensile strength, light weight, high resistance for 

corrosion, high fatigue endurance, low thermal coefficient, short period of 

installation, easy application and low cost for maintenance 
(2)

.          

      One of the most important applications of FRP composites is 

strengthening of reinforced concrete columns by jacketing with wraps of 

FRP composites.                                                                                           

                                                

1.2 Carbon Fiber Reinforced Polymer CFRP:  

      Carbon fiber reinforced polymer is one of three types of FRP 

composites (Carbon ,Glass and Aramid ) , proved  to be the most suitable 

fiber in civil application because of its excellent properties and almost 

95% of applications for strengthening purposes in civil engineering are by 

carbon fibers.
(3)

 Table (1-1) shows qualitative comparison of fibers in 

composites.                                                                                           

Table (1-1) Qualitative comparison of fibers in composites
 (1)

 

Type of fibers used in composite 
Criterion 

Aramid fibers Glass fiber Carbon fibers 

Very good Very good Very good 
Tensile strength 

 

Adequate Good Very good Stiffness 

Adequate Good Very good Long-term behavior 

Adequate Good Excellent Fatigue behavior 

Adequate Excellent Good Bulk density 

Inadequate Good Very good Alkaline resistance 
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    The main advantages of (CFRP) are summarized in the following 

points
 (4)

. 

1. Durability of strengthening system (resistant to corrosion, alkalis 

and other aggressive materials).                                                                        

2. Very high strength (tensile strength>2400MPa, modulus of 

elasticity>165 GPa).                                                                                   

3. Improved fire resistance.                                                                           

4. Reduced maintenance cost.                                                                      

5. Reduced construction period.                                                                

6. Available in any length and can be transported in rolls.                           

7. Versatile design of systems.                                                                  

8. Light weight.                                                                                         

9. Reduced mechanical fixing.                                       

10. Outstanding fatigue strength. 
    

                                                             

       But the main disadvantages of CFRP are summarized in the 

following points: 

    1. susceptible to mechanical impacts.  

    2.  High cost. 
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Figure (1-1) Strengthening of columns with CFRP wraps (Reggio 

Emilia football stadium Italy).                                                                     

 

1.3 Nonlinear Finite Element Analysis: 

      Reinforced concrete structures are usually analyzed using first order 

linear deflection relationship. Both the strains and displacements 

developed in structures are assumed to be small. Therefore, the expected 

behavior of the members differs from the real behavior leading to 

approximate solutions.                                                                              

       Safe and economical design of any structures can be achieved only if 

the behavior of these structures is adequately understood. These 

complications in the behavior of reinforced concrete have necessitated 

employing highly sophisticated numerical analysis procedures, such as 

the finite element method, to ensure safety and economy of such 

structures.                                                                                                 

       The finite element method is one of these methods, which applies 

numerical techniques for solving problems of complicated boundaries and 

complex material characteristics. The finite element method of analysis is 

a very powerful modern computational tool. It can provide a rational 

analysis of such structures with material nonlinearties.                                                                                    



Chapter one                                                                               Introduction 

5 

 

  

 1.4 Objective of This Study: 

The purpose of this study is given as follows:                                                                    

1. Presenting a model of analysis of RC columns strengthened with CFRP         

using the finite element method adopted by ANSYS 9.0 program.                   

2. Verification of the model by comparing the model results with 

available experimental results.                                                               

3. Studying the influence of the most important parameters in affecting 

the axial compressive strength and ductility of reinforced concrete 

columns strengthened with CFRP.                                         

 

1.5 Layout of The Thesis: 

This thesis consists of seven chapters:                                                   

Chapter one: presents a general introduction to the FRP and CFRP, the 

analysis by FEM and the objective of the study.  

                 

Chapter two: provides the main concepts about FRP composites and the 

strengthening by this material, through a relevant review of the major 

contributions in the concrete strengthened with FRP composites.                                                     

 

Chapter three:  deals with the basic concepts of the finite element 

formulation and derivation of the governing equilibrium equations using 

the principle of virtual work. It also deals with the description of ANSYS 

software program in addition to the nonlinear behavior for the structures 

and their solution technique in ANSYS. 
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 Chapter four: includes the modeling of concrete, steel and carbon fiber 

reinforced polymer in finite element method and also the constitutive 

relations for these materials. 

 

Chapter five: includes verification study for the finite element models of 

RC columns strengthened with CFRP wraps. 

  

Chapter six: presents a parametric study to assess the influence of most 

important parameters in affecting the axial compressive strength and 

ductility of reinforced concrete columns strengthened with CFRP.                                         

 

Chapter seven: includes the conclusion and recommendations for future 

research.    
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CHAPER TWO 

LITERATURE REVIEW 
 

 

2.1 Introduction: 
    

      Fiber reinforced polymer composite system has been extensively used 

to improve the performance of reinforced concrete compression members 

in terms of strength and ductility. A significant amount of research has 

been carried out on this system. This chapter aims at providing main 

concepts about the FRP composites and review the major contributions in 

the framework of FRP confined concrete behavior under monotonic 

compression loading and also provides theoretical researches with finite 

element method in this field.                                                                

   

 2.2 FRP Composites:                                                          
  
       Fiber Reinforced Polymer composites are defined as the materials 

that consist of high strength and stiffness fiber reinforcement embedded 

in a resin matrix which is an adhesive material that supports fibers from 

buckling under compression, binds the fibers together through cohesion 

and adhesion, and protects the fiber layers from external mechanical and 

environmental damage. Figure (2-1) shows a schematic of FRP 

composites. Fiber Reinforced Polymer composites are different from 

other composites in that their constituent materials are different at the 

molecular level. The mechanical and physical properties of FRP are 

controlled by their constituent properties and by structural configurations 

at micro-level. Therefore, the design and analysis of any FRP structural 

member require a good knowledge of the material properties, which are 
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dependent on the manufacturing process and the properties of constituent 

materials
 (6)

.                 
 

                                       

 

                      Figure (2-1) Schematic of FRP Composites 
(7) 

                                    

                                                        

2.2.1Fiber: 

      This term is generally used for materials whose length is at lest 100 

times its diameter and in FRP materials it refers to any fine thread-like 

natural or synthetic object of mineral or organic origin 
(2)

. The main 

functions of fibers are to carry the load and provide stiffness, strength, 

thermal stability, and other structural properties in the FRP. To perform 

these desirable functions, the fibers in FRP composite must have:               

 High modulus of elasticity for use as reinforcement. 

 High ultimate strength. 

 Low variation of strength among fibers. 

 High stability of their strength during handling. 

 High uniformity of diameter and surface dimension. 

       There are three types of fibers dominating in civil engineering 

industry: glass fiber, aramid fiber and carbon fiber.
 
All fibers have 

generally higher stress capacity than ordinary steel and are linear elastic 
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until failure .The three fiber types are schematically drawn in Figure (2-

2) in comparison with an ordinary steel bar and a steel tendon
(8)

.                                                                        

 

Carbon HS: Carbon High Strength 

Carbon HM: Carbon High Modulus 

Figure (2-2) Stress-strain relationship of different fibers and typical 

reinforcing steel. 
(8) 

       In Table (2-1) 
(6)

 some martial data for the most common 

construction materials are presented.  

Table (2-1) Mechanical properties of common strengthening 

material.
 (6)

 

Density[kg/m³] 

Tensile 

strength 

[MPa] 

Compressive 

strength 

[MPa] 

Modulus of 

elasticity 

[GPa] 

Material 

2400 1-5 15-60 20-40 Concrete 

7800 240-690 240-690 200-210 Steel 

1750-1950 2500-6000 NA** 200-800 Carbon fiber
* 

*
)

 
Given values are for plain carbon fiber. The characteristics of the composite will 

vary with amount and property of the used matrix.                                           
**) Not applicable, plain fiber tends to buckle.                                                                              
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2.2.1.1 Glass:  

      Glass fibers are processed form of glass, which is composed of a 

number of oxides, such as silicon oxide from silica sand, together with 

other raw materials, such as limestone, fluorspar, boric acid and clay. 

They are manufactured by drawing those melt oxides into very fine 

filaments, ranging from (3 to 24 µm) 
(9)

. Glass fibers are mainly 

categorized into E-glass and S-glass, the "E" and "S" are abbreviated 

from "Electrical" and "Structural" respectively, E-glass possesses 

excellent electrical insulation characteristics, while S-glass has higher 

strength and greater corrosion resistance
 (10)

.                                                                               

    

      In general, glass fibers have chemical resistance, fire resistance, high 

strength, modulus of elasticity (70-85 GPa) with ultimate elongation of 

(2-5%) depending on quality, but the significant drawback is that the 

fiber surface is prone to moisture attack under certain conditions of 

exposure and above certain stress level. This attack normally leads to 

stress-rupture failure if no remedial measure is provided.
 (6)                                      

 

2.2.1.2 Aramid: 

      Aramid fibers are aromatic polyamide formulations that are organic 

in nature. It is manufactured by extruding a solution of aromatic 

polyamide at a temperature between -50˚C and -80˚C into a hot cylinder 

at 200˚C.Fibers left from evaporation are then stretched and drawn to 

increase their strength and stiffness during this process, Aramid 

molecules become highly oriented in the longitudinal direction .Aramid 

fibers can be categorized into para-aramid (Kelvar fibers) and meta-

aramid fibers. Para-aramid fibers have higher strength and more normally 
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used in high performance applications, due to their highly aromatic and 

ordered structure
 (9)

.                                                                                  

      Aramid has very high thermal resistance. Generally the moduli of 

these fibers are 70-200 GPa with ultimate elongation of 1.5-5% 

depending on quality, and have high fracture energy; therefore, they are 

used for helmets and bullet-proof garments .Aramid fibers are sensitive 

to elevated temperatures, moisture and ultra-violet radiation   ; therefore, 

they are not   widely   used   in   civil engineering applications. 

Furthermore, aramid fibers do have problems with relaxation and stress 

corrosion.
 (6) 

     

   

2.2.1.3 Carbon: 

      Carbon fibers are   produced by the thermal decomposition of organic 

precursor fibers such as rayon or polyacrylonitrile (PAN), followed by a 

stabilization and carbonization procedure. Other alternative precursors are 

coal, petroleum and synthetic pitches. The fabrication involves a spinning 

process. Tensile strength of (PAN-based) fibers has always been higher 

than the pitch-based fibers .Therefore; most carbon fibers today are 

(PAN-based)
 (9)

.                                                                                        

      Carbon fiber has a high tensile strength (2500-6000 MPa) at the 

higher end of the S-glass fiber strengths, high modulus of elasticity (200-

800GPa), and ultimate elongation   (0.3-2.5 %), and it withstands fatigue 

excellently. It does not absorb water and is resistant to many chemical 

solutions and does not show any noticeable creep or relaxation, and it is 

electrically conductive and therefore, might give galvanic corrosion when 

in direct contact with steel 
(6)

.  
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2.2.2 Matrix: 

      Matrix material is a polymer (Epoxy resins or plaster resins) that 

binds the fibers together, transfers forces between the fibers and protects 

the fibers from environment. In civil engineering, thermosetting resins 

(thermosets) are almost exclusively used. Of the thermosets vinylester 

and epoxy are the most common matrices. Epoxy is mostly favored 

above vinylester but it is also more costly. Epoxy has a pot life around 30 

minutes at 20 ˚C but can be changed with different formulations .The 

curing goes faster with increased   temperature. Material properties for 

polyester and epoxy are shown in Table (2-2). Epoxies have good 

strength, bond creep properties, and chemical resistance
 (6)

.
 
                                                                        

  

  Table (2-2) Properties of matrix materials. 
(6)

 

Failure Strain 

[%] 

Tensile 

Modulus 

[GPa] 

Tensile 

Strength[GPa] 
Density[kg/m

3
] Material 

1.0-6.5 2.1- 4.1 20-100 1000-1450 Polyester 

1.5-9.0 2.5-4.1 55-130 1100-1300 Epoxy 

 

2.3 FRP Systems:                   

      There are numerous FRP systems commercially available from 

various manufactures. The properties of the FRP materials vary from one 

manufacturer to another. It is important that designers and users have the 

most recent technical data of FRP system from the manufacturers .The 

properties of several typical commercially available proprietary FRP 

systems are summarized in Table (2-3)
 (11)

.
 
 

Strain at 

Failure 

[%] 

Tensile 

Elastic 

Modulus 

[GPa] 

Tensile 

Strength 

[MPa] 

Thickness 

[mm] 

Weight 

[g/m
2
] 

Fiber 

Type 
FRP System 
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Table (2-3) Properties of Commercial FRP Systems 
(11)

 

 

    The constituent in commercially available FRP systems may consist of 

resin, primers, putties, saturants, adhesives, coating and the reinforcing 

fibers. Depending on the FRP system selected, not all the constituents 

listed are used. Figure (2-3) shows one of these systems with carbon 

fibers
 (12)

.
   

  

 

             Figure (2-3) CFRP strengthening system 
(12) 

2.4 Mechanism of Concrete Column Strengthening by 

Confinement: 

2.2 26.1 575 1.3 930 Glass Tyfo SHE-51 

1.3 78.6 991 0.89 -- Carbon Tyfo SCH-35 

1.5 230 3400 0.11 200 Carbon Replark 20 

1.5 230 3400 0.17 300 Carbon Replark 30 

0.7 390 2900 0.17 -- Carbon Replark MM 

0.3 640 1900 0.14 200 Carbon Replark HM 

2.2 26.1 600 1.0 913 Glass Hex 100G 

1.3 73.1 960 1.0 618 Carbon Hex 103C 

1.7 165 2800 1.2-1.4 2240 Carbon CarboDur S 

1.2 210 2400 1.2 2240 Carbon CarboDur M 

0.5 300 1300 1.2 2240 Carbon CarboDur H 

2.1 72.4 1517 0.35 900 Glass 
MBrace 

EG900 

0.94 373 3500 0.17 300 Carbon 
MBrace CF 

530 

1.6 120 2000 0.28 600 Aramid 
MBrace AK 

69 
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      When FRP jackets or any confining device (steel plates, transverse 

reinforcing steel) are applied to the concrete column, no initial stresses 

are introduced in the confining device at low levels of stresses in the 

concrete; therefore the concrete is unconfined. But at the high levels of 

stresses approaching to the uniaxial concrete strength, the transverse 

strains become very high because of lateral expansion of concrete and 

progressive internal cracking; therefore, the concrete bears out against the 

confining devise, and the last then applies a confining reaction to the 

concrete making it in triaxial compressive stress state and according to 

the behavior of the concrete in triaxial compressive stress state, the 

strength and the ductility of concrete are greatly increased. 

       This type of confinement is passive and there are cases where an 

initial active confining pressure is present, as is the case when an 

expansive grout is injected between the column and an external jacket. 

The confinement in this case is generally quite small in comparison to the 

passive pressure generated by concrete dilation.
 (13)

                                                                                                  

      Passive confining pressures may be constant or variable through an 

axial load history. Constant confining pressure is generated by an elastic-

plastic confining material after yielding, as the confining provided by 

conventional mild transverse reinforcing steel. Variable confining 

pressures are generated where the confining material retains an 

appreciable stiffness throughout the axial load history as the confining 

provided by FRP
 (14)

.                                                                                      

      Tests have demonstrated that the confinement provided for a circular 

section of a concrete column is much effective than that for square and 

rectangular section, the reason of this difference in effectiveness is 

illustrated in Figure (2-4) which demonstrates that a circular section 

because of its shape will make the confinement device in hoop tension 

and make it provide a continuous confining pressure around the 
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circumference resulting in complete confinement. On the other hand, the 

square or rectangular section makes the confinement device apply 

confining reaction only near the corners and the central region of the 

section and leaves the sides without confinement which leads to provide 

partial confinement for the column.
 
                                                                                                

 

 
 

Figure (2-4) The influence of confinement on circular and square 

sections  

 

 

 

2-5 General Behavior of Concrete Strengthened by 

FRP: 
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      As shown in Figure (2-5), the upper two curves in the axial stress-

strain curves of concrete passively confined by FRP are essentially in two 

parts with a small transition zone at the initial point of slope change. The 

first portion of the curve to the left of the transition zone will be referred 

to the elastic zone and the second portion to the right will be referred to 

the plastic zone.                                                                                              

      The slope of elastic portion of the curve is essentially identical to that 

of unconfined concrete .The type of jacket with which the concrete is 

confined has little effect on this portion of the curve, except that a stiffer 

jacket tends to increase the stress and strain at which the transition zone 

occurs .The stress-strain curve of unconfined concrete is plotted with the 

confined concrete curves for comparison.                                                    

 

Figure (2-5) Typical shape of axial stress-axial Strain curves for 

concrete passively confined by FRP  
(16)

 .                                           

      The reason of that the confined and unconfined curves are very 

similar in the elastic zone is that concrete undergoes little expansion 

under small loads and thus does not react against the jacket to   produce 

confinement pressure.                                                                   



Chapter Two                                                                    Literature Review 

17 
 

       The plastic zone occurs shortly after the peak strength of the 

unconfined concrete has been reached. At this point, the concrete is 

expanding rapidly and has fully activated the jacket. In the plastic zone, a 

small increase in stress causes a large (relative to the elastic zone) 

increase in lateral expansion .This expansion causes two actions. First; it 

deteriorates the condition of the internal structure of the concrete. Second, 

it causes an increased confining pressure, since the fibers in the jacket 

exhibit linear elastic behavior until failure. These two actions help to 

define the slope of the plastic portion of the curve.                                                  

      If the concrete is well confined ,then the slope will be positive and 

usually quite linear, indicating that the confining pressure is sufficient to 

curb the effect of the deteriorating  condition of the concrete and allow 

greater stress to be applied .If the concrete is not well-confined, then the 

peak axial stress will be similar to that of unconfined concrete ,indicating 

that the confining pressure is not sufficient  to overcome the effect of the 

degradation  of the concrete under the large strains
(16)

.
            

 

 

 

 

 

 

 

 

 

 

 

 

 

2-6 Comparison between Steel and FRP Confinement 

Mechanism: 
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      Reinforced concrete columns strengthened with FRP wraps have two 

confining devices (FRP wraps and steel reinforcement).Although these 

confining devices work according to the same principle; there are many 

difference points in their confinement mechanism:                                      

  1. Because of the high modulus of elasticity of the steel, the confinement 

of concrete core is initiated at relatively low load levels, while the 

effectiveness of FRP wraps in providing lateral confining pressures at low 

load levels depends on the type of FRP which may be more effective than 

steel when FRP has high modulus of elasticity or becomes less effective 

if it has low modulus of elasticity.                                                                               

  2. Because of the linear nature of FRP material behavior, it will apply a 

continuously increasing pressure on the concrete core until the FRP warps 

reach failure due to fiber rupture, while the steel reinforcement applies 

confining pressure which remains constant after yielding of the steel 
 

(14,17,18)
. 

   3. From Figure (2-6) which shows the axial stress-strain behavior of a   

steel-confined concrete cylinder together with the typical axial stress-

strain behavior of a GFRP-confined concrete cylinder
*
, it can be seen that 

the steel-confined concrete experiences only mild softening before it 

reaches a maximum strength after which it follows a gradual post-peak 

descending branch, and the ultimate (failure ) strength of steel is lower 

than the peak strength and it has been shown that   the peak strength 

occurs shortly after the steel yields. 

                        

 

* The data for the steel-confined cylinder is based on tests by Orito (19) (1987) while the FRP-confined 
cylinder was tested by Mirmiran (20)  (1997) .                                                                                                                                        

 

       On the other hand, the FRP confined-concrete displays a distinct 

bilinear response with a sharp softening and transition zone at the level of 
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its unconfined strength, after which the tangent stiffness stabilizes at a 

value until reaching the ultimate strength.                 

 

 4. It is obvious from the areas under the stress-strain curves of  Figure (2-

6) that the steel-confined concrete provides a larger energy absorption 

capacity than its FRP-confined counterpart.                                               

 

  5. From Figure (2-7) which shows the axial stress-volumetric strain 

curves for the two confinement mechanisms, volumetric strains are: 

                                      

rcrcv   2    ---- (2-1) 

                                                                                

where c  is axial strain of confined concrete, v  is the confined 

volumetric strain and
rand  are lateral (radial) and hoops strains. 

Tensile strains and dilatation are considered negative. The figure clearly 

shows that volumetric strains in steel-confined concrete become unstable 

once the steel yields. On other hand, the FRP wraps effectively restrain 

the lateral expansion of concrete core shortly before and after the 

unconfined strength of concrete is reached. It then reverses the direction 

of volumetric response, and the concrete core in fact fails with large 

volume contraction.                                                       

 

   6. From Figure (2-8) which shows the dilation rate-axial strain curves 

(dilation rate is defined as the rate of change of lateral (radial) strain with 

respect to the axial strains) it can be seen that the three curves begin at a 

dilation rate equal to Poisson's ratio of concrete.  The dilation rate of 

unconfined concrete increases drastically with the growth of microcracks 

and becomes unstable near peak strength.  The dilation rate of steel-

confined concrete is delayed until the steel yields, after which the 
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confined concrete behaves much in the same way as unconfined concrete, 

while the dilation rate of FRP-confined concrete displays a totally 

different and unique response. Once the FRP becomes fully activated, it 

does not only contains the dilation rate of concrete core, but also reduces 

it to an asymptotic value 
(21)

. 
                                                                                                                             

 

 
Figure (2-6) Axial stress-strain curves for steel and GFRP confined 

concrete (21) 
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Figure (2-7) Axial Stress-Volumetric Strain Curves for Steel and 

GFRP Confined Concrete 
(21)                                                                                                                                  

 

 

 

 

 
 

Figure (2-8) Dilation curves of FRP-Confined Concrete versus Steel-

Confined Concrete 
(21)                                                                                                                   
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2.7 Historical Development: 

      The idea of confinement of concrete by FRP for increasing axial 

strength and ductility starts from the characteristics of concrete subjected 

to triaxial compressive stress states. This idea has been utilized in the 

form of spiral and circular reinforcement and steel and concrete jacketing 

in retrofitting and strengthening concrete columns and bridge piers. The 

use of FRP as the confinement jacket reflects the advancement of 

materials over the time, while the fundamental concept remains.                                                     

      This fundamental concept was pioneered in [1927] in the University 

of Illinois by Richart et al. And in [1928-1929] they studied how the 

ability of concrete to resist stress in one direction is influenced by the 

presence of stresses in other directions and they formulated a linear 

analytical model for prediction of ultimate load. The test program 

consisted of three series of specimens. The first series contained cylinders 

subjected to simple axial load and two dimensional compression 

respectively. The second series consisted of cylinder subjected to three 

dimensional loading with the axial load larger than the lateral 

compression. The third series had cylinders subjected to three 

dimensional compressions with the axial load smaller than lateral 

compression. All the specimens had normal strength plain concrete. The 

lateral pressure was produced by oil pressure through a hand pump. All 

load types were applied simultaneously. The results show that applying 

the lateral pressure simultaneously with axial pressure produced increases 

in compressive strength and radical increase in axial and lateral 

deformation at the maximum load and they concluded that the results 

agreed fairly well with the results in which spirally reinforced concrete 

was used. They formulated the    relationship between the maximum 

concrete stress and lateral fluid pressure as follows:                                                                               
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lateralcocc f.ff 14  ---- (2-2) 

 















co

lateral

cocc
f

f
.εε 5201 ---- (2-3)           

where f'cc is the confined compressive strength, f'co is unconfined concrete 

strength, flateral is the radial confining pressure on the concrete core,    

is the peak confined axial strain, and  is the unconfined peak concrete 

axial strain
 (22, 23)

.                                                                        

      This test formed the fundamental concept on the behavior of concrete 

under multi-axial compression load. This concept emphasizes the idea of 

strengthening the concrete elements which are subjected to axial stress 

(specially the concrete columns) by confinement.                                       

      Later strengthening of concrete columns by confinement with 

reinforced concrete jackets or by steel jackets spread widely, but the 

disadvantages of these materials (as mentioned in introduction) made the 

researchers looking for alternative materials.                                          

       

       In [1981], Fardis and Khalili 
(24) 

investigated the efficiency of 

GFRP encasing technique in increasing the compressive strength for 

concrete.    The test program consisted of concrete cylinders wrapped by 

continuous glass fibers, these fibers were weaved in vertical and 

horizontal directions).The cylinders sizes were (75×150 mm), (100× 

200mm) and had normal strength plain concrete. All cylinders were tested 

under a monotonic, concentrated load. The results showed that the failure 

occurs when the lateral strain of concrete under the combined action of 

axial load and confining pressure reaches the failure strain of the FRP in 

the circumferential direction. Fardis and Khalili concluded that FRP-

encased circular columns can attain very high strengths and ductility due 

to the confinement of the concrete by the FRP.    
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       In [1982] Fardis and Khalili 
(25)

, developed Richart et al. equation 

(2-2) and also the Newman and Newman equation for spirally reinforced 

concrete which becomes:                                                                   

                                                                

  86073 .

lateralcocc )(f.ff   ---- (2-4) 

       

They modified these equations through the use of the following equation 

of cylindrical shell structures subjected to uniform internal pressure when 

the thickness of the shell is infinitesimally small when compared with the 

overall dimension.                                        

  

From mechanics of shells:  

 

                                       
R

tf
f FRPFRP

lateral


        ---- (2-5)  

where fFRP is the tensile strength of FRP jacket ,tFRP is the thickness of 

FRP  and R is a radius of concrete core.                                                       

                                                     

Therefore Richart et al equation will be:                                                      

                               






 


R

tf
.ff FRPFRP
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While Newman and Newman equation will be:                                                                   
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Then they proposed an equation to calculate the peak confined axial strain 

as follows:  
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where EFRP is the elastic tensile modulus of the FRP jacket.
  

    
 

      In [1988] Mander et al. 
(26)

, developed a stress-strain model for 

concrete subjected to uniaxial compressive loading and confined by 

transverse reinforcement. They proposed an equation to calculate the 

confined compressive strength as follow: 
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       The model is based on an equation proposed by Popovics (1973) 
(27)

 

which is: 
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where fc is the confined concrete axial stress, and  is the corresponding 

confined concrete axial strain.   
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      For approximate purpose, this model became the most widely used 

for concrete confined with FRP composites.                                

       

In [1997], Mirmiran and Shahawy
 (28)

 showed that concrete behaves 

very differently when confined by elastoplastic material such as steel as 

compared to linearly elastic material such as FRP; therefore, the stress-

strain models of steel-confined concrete is not valid for FRP-confined 

concrete and applying these models to FRP-encased or FRP wrapped 

concrete may result in overestimating the strength and unsafe design. 

They carried out tests on a total of thirty (152.5×305mm) plain cylindrical 

specimens, which included (24) concrete-filled FRP tubes and six without 

FRP tubes as controls. Three batches of concrete with different target 

strengths were used in this study, for each batch, three distinct jacket 

thickness of (6, 10 and 14 plies (layers) of FRP).All the specimens were 

subjected to uniaxial compressive test. A comparison of test data with 

available confinement models indicated that the models overestimate the 

strength of FRP-confined concrete and they attributed this to the inability 

of models in estimating the dilatancy of confined concrete and 

demonstrated that FRP composites have a unique characteristic of 

confinement.
 
 

  

      In [1998], Mirmiran et al. 
(29)

 studied the effects of shape of column 

cross section and length to diameter and interface bond on confinement 

effectiveness of FRP-confined concrete columns. A series of experiments 

with over 100 specimens was conducted. To investigate the shape effect, 

the specimens were divided to square and circular sections, to investigate 

the length to diameter effect, the specimens had length to diameter ratio 

equal to (2:1, 3:1.4:1, 5:1) and to investigate the interface bond (the bond 

between FRP jacket) developed using either an adhesive such as epoxy 
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(in fiber-wrapped columns) or series of mechanical shear connectors (in 

concrete filled tubes with internal ribs). The FRP was E-glass fiber for 

tubes and wraps. The results demonstrated that square sections are less 

effective than circular sections, and the effect of length-to-diameter ratios 

within the range of 2:1 to 5:1 is significant in giving less strength and 

ductility. Furthermore, mechanical bond (shear connectors) is more 

significant than adhesive bond in the performance improvement of the 

section of column by distributing the confinement pressure more 

effectively around the circumference of the tube.                                    

  

      In [1998], Toutanji and Balaguru 
(30)

 carried out an experimental 

study on the performance of concrete columns wrapped with CFRP and 

GFRP composite sheets subjected to wet-dry and freeze-thaw conditions. 

Test variable included the type of fiber and environmental exposure 

conditions. The test program consisted of (24) plain concrete small scale 

cylinder specimens (76×305 mm) with (ƒ'c=30MPa) three types of FRP 

sheets were used for wrapping the specimens which were divided into 

three groups; each group consisted of eight specimens (6) confined (two 

with each type of the FRP sheet) and two unconfined. The first group was 

used at room temperature exposure (+20˚C); the second was exposed to 

wet-dry cycling using salt water; and the third group was exposed to 

freeze-thaw cycling. At the end of each exposure, all specimens were 

loaded in compression until failure using a hydraulic testing machine; the 

stress-strain behavior in compression was obtained to evaluate their 

strength, stiffness and ductility, which were compared with the 

performance of unconditioned samples. The results showed that CFRP is 

superior to GFRP when exposed to harsh environments. Exposure to wet-

dry environments has little effect on the compressive strength of CFRP-

wrapped specimens. However, exposure improves the stiffness of the 
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specimens; the GFRP-wrapped specimens exhibited a reduction in 

strength of (10%), but no effect on stiffness due to wet-dry conditions. 

Exposure to freeze-thaw environments showed a significant degradation 

in strength in both CFRP and GFRP wrapped specimens. 

 
 

       In [1999], Spoelstra and Monti 
(31)

 presented a uniaxial model for 

concrete confined with FRP, but also with steel jackets or conventional 

transverse reinforced concrete. The basis of the model is the stress-strain 

law of Popovics (1973) which is mentioned in Equation (2-10) ,the 

constant and active confinement pressure is evaluated through the Mander 

equation  (2-9) . The proposed model relies on an iterative procedure 

through which the stress-strain curve obtained from a family of stress-

strain curves at constant confinement pressure is equal to that induced by 

the FRP jacket subjected to the corresponding lateral expansion. In order 

to evaluate the lateral strain at a given level of axial strain, a damage 

model proposed by Pantazopoulou and Mills 
(32)

 (1995) has been adopted 

to the case of varying confinement pressure. 

                                         cc εEf sec  ---- (2-16) 
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where εA is area strain, εlateral is lateral strain and β is a coefficient 

depending on confined compressive strength. The model is strongly 

dependent on the value of the coefficientβ . The results of models' 

equations were compared with several experimental data of other 

researchers and showed rather good agreement.   
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         In [2000], Rochette and Labossiere 
(33)

 studied the influence of 

FRP composites stiffness, and the shape of the section on the strength of 

concrete columns confined with CFRP and AFRP sheets. The test 

program consists of (32) small scale plain concrete specimens which have 

different cross sections and were wrapped with fiber using a different 

number of plies and subjected to a monotonic uniaxail compression 

loading up to failure. The results showed that for a given number of 

wraps around a section, the confinement effect is directly related to the 

shape of the section, the most effective confinements are obtained for 

circular sections. Excessive confinement will lead to very sudden and 

destructive compressive failures which must be avoided.
       

 

        

       In [2001], Parvin and Wang
 (34, 35)

 conducted a study which involved 

numerical and experimental analysis of CFRP jacketed concrete columns, 

where the effect of CFRP jacket thickness and various eccentricities were 

investigated. The test program consisted of nine small-scale square 

concrete columns (108×108×305mm)  wrapped with zero, one, two plies 

of unidirectional CFRP fabric under axial loading with various 

eccentricities that its magnitude was small enough not to generate any 

tension in the longitudinal direction. The results showed that CFRP 

jackets can significantly enhance the strength of concrete columns. Under 

eccentric loading for one layer, the increasing percentages in compressive 

strength are   (53.8, 44.4, and 47.8%) for eccentricities (0, 7.6 and 

15.2mm) receptively, and for two lays are (100, 79 and 80%) receptively. 

There was radical enhancement in ductility. The results of nonlinear finite 

element models were verified against the experimental results which 

correlated well. Finite element models can be used as templates to further 

study.
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       In [2002], Teng and Lam 
(36)

 conducted experimental study on 

elliptical concrete columns confined with CFRP jackets and they 

proposed a model to predict the compressive strength. The test program 

consisted of a total of (20) model concrete column specimens in five 

series prepared from five batches of concrete. Each series consisted of a 

circular specimen (152*608mm) and three elliptical specimens prepared 

from the same batch of concrete and having the same area but the major-

to minor axis length ratio of the cross section equal to (5/4, 5/3, 5/2) 

respectively and the height was (608mm). The test results showed that the 

axial compressive strength CFRP-confined concrete in elliptical 

specimens is controlled by the amount of confining CFRP and the major-

to-minor axis length ratio of the column section. The confining CFRP 

becomes more effective as the section becomes more elliptical but 

substantial strength gains from CFRP confinement can still be achieved 

even for strongly elliptical sections.
 
The proposed model of compressive 

strength was a modified formula from Richart et al. equation to be in the 

following form:                             

lateralcocc f)
a

b
(ff 22  ---- (2-19) 

 where (a) and (b) are  major and minor axis length . 

    
                               

        In [2006], Li et al. 
(37)

 studied the effect of fiber orientation on the 

structural behavior of FRP wrapped concrete cylinders. The test program 

consisted of (27) plain concrete cylinders with a diameter of (152.4mm) 

and height of (304.8 mm), among them (18) cylinders were wrapped 

using two layers of FRP with six fiber orientations (0, ±15º, ±45º, 90º). 

Six cylinders were wrapped using four layers of GFRP with fibers in 

axial or hoop direction only; the remaining three cylinders were used as 

control. Fifteen coupon specimens were prepared to experimentally 
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determine the tensile strength of the FRP with different fibers orientations 

from the loading direction. Axial compression tests were conducted on 

the wrapped and control cylinders. The test results showed that the 

strength, ductility, and failure mode of FRP wrapped concrete cylinders 

depend on the fibers orientation and layer thickness. Fiber oriented at a 

certain angle in between the hoop direction and axial direction may result 

in strength lower than fibers along hoop direction.                              

        

       In [2006] Kaminski and Trapko 
(38) 

, investigated the influence of 

CFRP reinforcement ratio (CFRP area/cross section column area) and the 

type of CFRP (strips or wraps) on load carrying capacity of RC columns. 

The test program consisted of two series of RC columns with cross 

section of (80*150mm) and 600mm high, reinforced with (4Ø8) as 

longitudinal steel and (Ø3@20) as stirrup. The first series consisted of 5 

models with different reinforcement ratio using longitudinal CFRP strips, 

and the second series also consisted of 5 models with different 

reinforcement ratios, while the CFRP consisted of longitudinal strips and 

wraps. The test results showed that the load carrying capacity and the 

vertical strain depend on reinforcement ratio. For ratio (1.4%) the 

carrying capacity increased (24%) using CFRP longitudinal strips only, 

while the carrying capacity increased (49%) by using CFRP as 

longitudinal strips and wraps.                                                                                            

     

        In [2006], Al-Salloum 
(39)

 carried out tests to investigate the 

influence of corner radius of cross-section on the strength of square 

concrete column confined with CFRP jackets. He tested 20 small scale 

plain concrete specimens (150×150×500mm square) and (150×300mm 

circular columns) under  uniaxial compressive loading. Depending on the 

selected radius of the edges, the section varied from square to circular, 
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intermediate radii were about 1/6,1/4 and 1/3 of the side dimension . The 

sharpest square specimens had a corner radius of 5mm to make composite 

application easier and to avoid a premature failure of the composite. The 

results showed that smoothening the edges   of   square   cross   sections   

plays a significant role in delaying the rupture of the FRP composite at 

these edges. The increases in compressive strength percentages over 

unconfined specimens for the ratios of radius to edge length (1/10, 1/6, 

1/4 and 1/3) were (40, 56, and 94,128%) respectively, while for circular 

section was 146%.
 
                                                               

 

  

2-8 Theoretical Analysis with Finite Elements:  

       In this section, the theoretical research with finite element method in 

the field of concrete columns strengthened with FRP will be reviewed:        

       In [1999], Rochette and Labossiere 
(40)

 used the finite element 

method to analyze short concrete columns with square cross section 

strengthened with CFRP and subjected to uniaxial loading. They modeled 

the concrete as an elastic-perfectly plastic material and they used 

Drucker-Prager as failure criterion for concrete. 

       The analytical results were compared with the experimental results 

obtained from series of tests on concrete columns wrapped with CFRP 

sheets. The analytical results were rather close to the experimental results 

but Rochette and Labossiere suggested that their procedure might be 

improved by using a more complex elasto-plastic formulation in 

modeling the confined concrete by composite.   

 

       In 2005, Karam and Tabbara 
(41)

 proposed a numerical method by 

finite elements to investigate the geometric confinement efficiency of a 

general rectangular concrete column passively confined with FRP wrap. 
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They also proposed a simple equation form based on mechanical model 

to estimate the confinement effectiveness. The comparison between the 

results of numerical method and the proposed equation shows good 

agreement.  

       The general purpose finite element software program (ADINA) is 

utilized. Eight-node quadrilateral element was used to represent the 

concrete and modeled using (ADINA) built-in concrete model which is a 

hypo-elastic model based on a uniaxial stress-strain relation generalized 

and augmented to take biaxial and triaxial stress conditions into account. 

Tensile cracking and compression crushing conditions are identified 

using material failure envelopes. The FRP is assumed to have linear 

elastic behavior up to failure. The FRP is modeled using three-node 

elements. Full contact between the concrete and FRP is assumed. The 

proposed method for the calculation of the confinement effectiveness 

offered an alternative to the arbitrary geometric factors typically used in 

research and allows a more elaborate interpretation of observed and 

published experimental results. 

 

        In addition to their experimental study Parvin and Wang 
(35)

 in 

[2001] used three dimensional nonlinear finite element models to study 

the behavior of concrete columns strengthened with FRP under eccentric 

loading. They used MARC software program which can handle material 

and geometric nonlinearity. The concrete was modeled by eight-node 

brick elements (type 240). The Mohr-Coulomb yield criterion combined 

with the isotropic hardening rule were used to simulate the nonlinear 

behavior of confined concrete material. The deviatoric yield function f is 

assumed to be a function of hydrostatic stress and is given by: 

 

                     021  KJaIf                       ---- (2-20) 
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where 

                    3211 σσσI                       ---- (2-21) 

and 
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and where a and K are  constants,  
1σ  , 2σ and 3σ  are the principal 

stresses. The FRP jacket was modeled by three dimensional thin shell 

element (type 168) as a single layer, whether the jacket consisted of one 

layer or multilayer of FRP fabric, the variable was only the shell 

thickness, perfect bonding was assumed between the FRP jacket and the 

concrete, this perfect bonding was simulated by employing "contact" 

option of the MARC software program with using a large value for the 

separating force between the FRP and the concrete. The models were 

verified against the experimental results, which correlated well with the 

numerical analysis results.  

      

       In [2004], Malvar et al.
 (42)

 developed a numerical model by finite 

element method for cylinders and prisms confined with carbon and glass 

FRP wraps. Malvar et al. tried to represent the volumetric behavior of 

concrete under triaxial stress state to capture the interaction between 

concrete expansion and the resulting stress increase in the confining 

jacket. DYNA3D software program release (III) was used in this search. 

The concrete material model was developed for the study of triaxial stress 

and blast loading. The unidirectional FRP wraps were modeled as hoop 

truss elements around concrete solid elements. The numerical model was 

applied to several tests conducted by other researchers. The comparison 

between the numerical and experimental results shows good agreement, 

and the numerical analyses closely reproduce the strength enhancement 

observed in the test specimens for various levels of confinement. The 
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model also confirms the observed inefficiency of low levels of lateral 

confinement and the superior enhancement provided by circular cross 

sections as compared to the rectangular ones. 

 

          In [2005], Parvin and Jamwal 
(43)

 conducted a nonlinear finite 

element analysis to investigate the performance of small scale concrete 

column wrapped with FRP under axial load. The experimental study, 

conducted by Rochette and Labossiere 
(32)

, was utilized to validate the 

numerical analysis models. MSCMarc
TM 

2001 software program was 

employed in this analysis. The concrete was molded as an isotropic 

elasto-plastic material with 192 3-D type "7" solid elements. The Mohr-

coulomb failure criterion and isotropic work hardening rule were used. 

Fiber reinforced polymer was modeled as 96 3-D thin shell elements of 

type "139" and the ultimate strain of FRP ( ult ) was employed for the 

failure criterion. Perfect bond between concrete and FRP was assumed. 

The results were in good agreement with the experimental test results.   
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2.9 Comment: 

       In comparison with the experimental research, there is a very little 

number of theoretical research available in the field of reinforced 

concrete columns strengthened with FRP.  

       Since there is no doubt that the need to theoretical analysis is very 

important and very necessary for any structure because it gives 

preconception and understanding to the structural behavior and spares 

much effort and time. Therefore, there is a need to theoretical 

contributions to enhance the knowledge in this field and to develop it. 

       The present research is a theoretical contribution using nonlinear 

analysis by finite element method which is the most powerful technique 

in ability of simulating any structure. The analysis was done using 

ANSYS software program which proved over 20 years to be the best 

finite element program due to its super abilities and its large number of 

elements which are able to represent any material effectively. 

       This research presents analytical models for the RC columns 

strengthened with CFRP and also deals with more number of parameters 

and larger range for each parameter.  
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CHAPTER FOUR 

MODELING OF MATERIALS 

PROPERTIES 
 

 

4.1 Introduction:  

      Response of any structure under loads depends on the nature and the 

properties of its constitutive materials. Therefore, the representation of 

this structure using the finite element method requires modeling the 

behavior and the properties of its components. 

       Reinforced concrete columns strengthened by CFRP composites, are 

systems which consist of different materials (concrete, steel, CFRP). To 

represent this system in finite elements, firstly its components should be 

modeled. This chapter will include definition of the mechanical properties 

and the behavior under loads for each one of these materials.   

 

4.2 Concrete: 

       Concrete is considered as a type of heterogeneous material which 

consists of cement, sand, gravel and water. Cement is hydrated to produce 

a bonding medium, called cement paste which binds the aggregate 

producing a composite material; many characteristics of this composite 

material do not follow the law of mixture of two components. For 

instance, under compressive loading, both the aggregate and hydrated 

cement paste, if separately tested, would fail elastically; whereas, 

concrete itself shows inelastic behavior before fracture. Also the strength 

of concrete is lower than the individual strength of the two components.                                                         
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       Many microcracks already exist at the cement–aggregate interface of 

concrete, due to blending, volume changes in the cement during 

hydration, and as a result of drying shrinkage after the concrete 

hardening. Some of these microcracks can be developed during loading 

because of the differences in stiffness between the aggregates and 

hardening cement paste producing larger cracks which cause weakness in 

stiffness of concrete and volume expansion near failure and nonlinear 

behavior of concrete. The growth of these cracks is influenced by the 

aggregates-hardening cement paste interface and the state and intensity of 

loading
 
 
 (51)

.     

       The behavior of concrete under various states of loading will be 

explained in the next sections. 

 

4.2.1 Behavior of Concrete in Uniaxial Compression:   

       The stress–strain curve for concrete in compression can be divided 

into four regions shown in Figure (4-1). In the first region (until 30% ƒ'c), 

the curve is linear for normal rates of loading because there is very little 

extension of microcracks, the stress level (30% ƒ'c) is called the limit of 

elasticity. In the next region (30%–50% ƒ'c), the interfacial cracks 

between the aggregate and the hardening cement paste begin to grow 

under the increasing load; therefore, the curve becomes increasingly 

nonlinear. In the third region  (50% –75% ƒ'c) , in addition to the further 

growth of the interfacial cracks, cracks begin to extend through the 

hardening cement paste,  bridging between the coarse aggregate particles, 

these cracks are approximately parallel to the axis of loading, but still in a 

stable fashion 
(51).
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 Figure (4-1) Typical uniaxial stress-strain curve for concrete in 

compression
 (51)

.  

 

       Finally, beyond about (75%ƒ'c) , the hardening cement paste cracks 

increase rapidly and begin to form much more extensive network of 

cracks  and the curvature of the strain-stress curve bends sharply until the 

ultimate compressive strength (ƒ'c) is reached . 

       Beyond ultimate strength, the concrete exhibits strain–softening 

response characterized by the descending portion of the curve until failure 

occurs at the ultimate strain ( cu ). This falling part of the curve depends 

on the test machine properties 
(51)

.       

       According to ACI-318 Code
 (52)

,the ultimate compressive strength 

occurs at a strain ( 0 ) of approximately (0.002). Also, the code specifies 

the ultimate strain of approximately (0.003). The modulus of elasticity of 

normal weight concrete (Ec) shall be taken as
 (52)

: 

 )(4700 MPafE cc
 ---- (4-1) 

       Poisson's ratio (ν) for concrete under uniaxial compressive stress 

ranges between (0.15-0.22) up to a stress level of (80% ƒ'c), beyond this 

level, this value increases rapidly and may be excess of (1.0)
 (53).
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       In this study, Poisson's ratio of concrete for all models is taken equal 

to (0.2).  

4.2.2 Behavior of Concrete in Tension: 

       Figure (4-2) shows the stress-strain curves for concrete in uniaxial 

tension. The shape of curves shows many similarities to the uniaxial 

compressive curves. All curves are nearly linear up to a relatively high 

stress level. However, these curves have a markedly low tensile strength 

compared to the corresponding strength in compression. For stresses less 

than about 60% of the uniaxial tensile strength (
tf ), which is called the 

limit of elasticity, the creation of new microcracks is negligible. 

 

            Figure (4-2) Typical tensile stress-strain curves for concrete
 (53)
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       Because the uniaxial tensile state of stress tends to arrest the cracks 

much less frequently than under compressive strength states of stress, the 

interval of stable crack propagation under tension is expected to be 

relatively short. Therefore, a stress level of about (75%
tf ) is a reasonable 

value for the onset of unstable crack propagation. Beyond this level, the 

interface bonds, or microcracks start to grow and nonlinearity of the 

curves starts to increase as the stress level increases until the peak stress 

is reached. Following this level, a post-softening regime is observed 
(53)

.  

       The ratio between uniaxial tensile strength ( tf ) and compressive 

strength (ƒ'c) may vary considerably but usually ranges from (0.08 to 

0.15)
. 

The modulus of elasticity under uniaxial tension is somewhat 

higher and Poisson's ratio somewhat lower than in uniaxial compression.  

The direct tensile strength of concrete is difficult to measure normally. 

Many times, either the modulus of rupture, ( rf ), or the split cylinder 

strength ( tf ) is used to approximate the tensile strength of concrete. The 

value of the modulus of rupture of concrete varies quite widely but is 

normally taken as 0.62 cf   where cf  in MPa 
(54)

. 

 

4.2.3 Biaxial Behavior of Concrete:  

       Numerous investigations into the strength of concrete under biaxial 

stress states have been conducted. All these investigations show that the 

behavior of concrete in this state of loading is different from its behavior 

under uniaxial stress state. One of these investigations was conducted by 

Kupfer et al. 
(53)

; they concluded that the strength of concrete subjected to 

biaxial compression with principal stress ratio equal to (2 /1 = 0.5),  

may be as much as 27% higher than the uniaxial strength and for equal 

biaxial compressive stresses (2 /1 = 1), the strength increase is 

approximately 16%.  
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Figure (4-3) Biaxial strength of concrete; results of experimental 

investigation conduct by Kupfer et al. 
(55)

 

 

       The strength under biaxial tension is approximately equal to the 

uniaxial strength. They also noted that combined tension and compression 

loadings reduce both the tensile and compressive stresses at failure. 

Figure (4-3) shows the results of this experimental investigation 
(55)

.       
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4.2.4 Triaxial Behavior of Concrete: 

       Figure (4-4) shows typical stress-strain curves from the tests by 

Richart et al. (1928) 
(22)

. Their tests were conducted at low or moderate 

volumetric compression (or confining) stresses. Balmer (1949)
 (56) 

conducted triaxial tests at very high confining stress level, as shown in 

Figure (4-5). 

 

Figure (4-4) Triaxial compression test of concrete 
(22)

 

 

Figure (4-5) Triaxial stress-strain relationship for concrete 
(56)

 

      As these curves show, depending on the confining stress, concrete can 

act as a quasi-brittle, plastic softening, or plastic hardening material. This 

is because under high confining stresses, the possibility of bond cracking 
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is greatly reduced and the failure mode shifts from cleavage to crushing 

of cement paste. Figures (4-4) and (4-5) show that the axial strength 

increases with the increase in confining pressure. Under very high 

confining stresses, extremely high strengths have been recorded.                                                        

 

4.2.4.1 Failure Surface in Triaxial Loading: 

       Under triaxial loading, experiments indicate that concrete has a fairly 

constituent failure surface which is a function of the three principal 

stresses. If isotropy is assumed, the elastic limit (onset of stable crack 

propagation), the onset of unstable crack propagation, and the failure 

limit all can be represented as surfaces in three-dimensional principal-

stress space. Figure (4-6) shows schematically the elastic limit surface 

and failure surface. For increasing hydrostatic compressions (along the 

σ1=σ2= σ3 axis), the deviatoric sections (planes perpendicular to the axis 

σ1=σ2= σ3 ) of the failure surface are more or less circular, which indicates 

that the failure in this region is independent of the third stress invariant. 

For smaller hydrostatic pressures, these deviatoric cross sections are 

convex and noncircular 
(53)

. 

 
Figure (4-6) Schematic failure surface of concrete in 3-D stress 

space
(53)
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4.2.5 Idealization of Concrete in Finite Element (ANSYS): 

4.2.5.1 SOLID65:  

       Three dimensional brick element (SOLID65) is used to model the 

concrete in ANSYS; the element is used with or without reinforcing bars 

(rebar). The element is capable of cracking in tension and crushing in 

compression. In concrete applications, for example, the solid capability of 

the element may be used to model the concrete, while the rebar capability 

is available for modeling reinforcement behavior. Other cases for which 

the element is also applicable would be reinforced composites (such as 

fiberglass), and geological materials (such as rock). The element is 

defined by eight nodes in x, y and z -direction. Up to three different rebar 

specifications may be defined. 

       The most important aspect of this element is the treatment of 

nonlinear material properties. The concrete is capable of cracking (in 

three orthogonal directions), crushing, plastic deformation and creep. The 

rebars are capable of tension and compression, but not shear (as uniaxial 

bars). They are also capable of plastic deformation and creep. The 

element is defined by eight nodes and by the isotropic material properties. 

The geometry, node locations, and the coordinate system for this element 

are shown in Figure (4-7).   

 

                        Figure (4-7) SOLID65 Geometry
 (49)
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           In ANSYS, outputs, i.e., stresses and strains, are calculated at 

integration points of the concrete solid elements. Figure (4-8-a) shows 

integration points in a concrete solid element. A cracking sign 

represented by a circle appears when a principal tensile stress exceeds the 

ultimate tensile strength of the concrete. The cracking sign appears 

perpendicular to the direction of the principal stress, as illustrated in 

Figure (4-8-b). 

 

Figure (4-8) (a) Integration points in concrete element (b) Cracking 

sign.  

 

 

4.2.5.2 Uniaxial Compressive Stress-Strain Relationship for 

Concrete:  
       ANSYS program requires the uniaxial stress-strain relationship for 

concrete in compression. Numerical expressions (Desayi and Krishnan 

1964) 
(57)

,the following Equations (4-2) and (4-3), are used along with 

Equation (4-4) (Gere and Timoshenko 1997)
 (58)

 to construct the uniaxial 

compressive stress-strain curve for concrete in this study. 

                       

                    
2

1 


















c
c

E
f                       ---- (4-2) 
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c

c

E

f 


2
                          ---- (4-3)   

 

                            


c

c

f
E                         ---- (4-4)   

 

where:  

fc = stress at any strain ε  

ε = strain at stress fc 

f'c 
= ultimate compressive strength 

ε
0 

= strain at the ultimate compressive strength f'c 
 

        Figure (4-9) shows the simplified uniaxial compressive stress-strain 

relationship that is used in this study.  

 

 

Figure (4-9) Simplified compressive uniaxial stress-strain curve for 

concrete 
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        The simplified stress-strain curve for each RC column model is 

constructed from six points connected by straight lines. The curve starts 

at zero stress and strain. Point No. 1, at 0.30 f'c, is calculated for the 

stress-strain relationship of the concrete in the linear range Equation (4-

4). Point Nos. 2, 3, and 4 are obtained from Equation (4-2) in which ε0 is 

calculated from Equation (4-3). Point No. 5 is at ε0 and f’c. In this study, 

an assumption is made of perfectly plastic behavior after Point No. 5. 

 

4.2.5.3 Modeling of Concrete Crack in Finite Elements: 

       In general, two main approaches have been used to represent the 

cracking of concrete in finite element method. These are the discrete and 

the smeared crack representation. The selection of discrete or smeared 

crack representation depends primarily on the purpose of the finite 

element analysis. Both these models use a strength concept for crack 

initiation and propagation by defining tensile cracking in terms of 

maximum stress or strain. These methods are discussed in the following 

sections 
(59, 60)

: 

1. Discrete Crack Approach: 

       This approach represents the crack as a separation of nodes. When 

the stress or strain at a node, or the average in adjacent elements, exceeds 

a given value, the node is redefined as two unconnected nodes and the 

elements on each side are allowed to separate. 

       This approach requires monitoring the response and modifying the 

topology of the finite element mesh corresponding to the current crack 

configurations at each state of loading. This approach yields a realistic 

representation of the opening crack and can be useful in obtaining details 

of the local behavior in concrete structures, but it may result in 

misrepresentation when there is a coarse discretization in the finite 
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element model, a more serious problem is that, changing the formulation 

of the finite element model changes the number of equations to be solved 

and broadens the bandwidth of the stiffness matrix.  

 

2. Smeared Crack Approach: 

       In this approach, the cracked concrete is assumed to remain a 

continuum during cracking, rather than representing a single discrete 

crack, the present approach has the effect of representing an infinite 

number of parallel fissures across the cracked element.   

       After the first crack has occurred, the concrete will become 

orthotropic or transversely isotropic, with the orthotropic material 

principal axis being oriented perpendicular to the direction of cracking; 

therefore, the cracks in this approach are modeled by modifying the 

material properties at the integration points of regular finite elements. 

       This approach is more popular than the discrete crack approach 

because it allows for automatic generation of crack without redefining of 

the finite element topology. ANSYS program uses this approach in 

modeling the cracks.  

 

 4.2.5.4 Shear Retention Coefficients (Shear Transfer across The 

Cracks): 

       After cracking has taken place, cracked reinforced concrete can still 

transfer shear forces through aggregate interlock or shear fraction and 

dowel action. To take the shear stiffness of cracked reinforced concrete 

into account in the smeared crack model, a reduced shear modulus βGc is 

used, where β is a coefficient   (0 < β ≤ 1) and Gc is shear modulus of 

concrete. Using a reduced shear modulus not only improves the realism 

of cracking representation during finite element analysis, but also 
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removes most of the numerical difficulties caused by the singularity of 

the composite material's constitutive matrix 
(61)

.  

       In ANSYS program, two coefficients of shear strength reduction are 

used, (βo) is introduced for the case of opened crack and (βc) is introduced 

for the case of closed crack. The values of (βo) and (βc) are always in the 

range of (1> βc> βo>0) 
(49)

. 

 

4.2.5.5 Tension Stiffening:  

       When the crack has taken place in a reinforced concrete element, the 

concrete between cracks can still carry some tensile stress in the direction 

normal to the crack due to the bond between the bar and the concrete. 

This phenomenon is termed tension stiffening.  

       This ability of concrete to retain tension will drop only as the loading 

is increased and is associated with the breakdown in bond, due to the 

formation of secondary systems of internal cracks around the reinforcing 

bars. 

       The tension stiffening effect can be accounted for in an indirect way 

by increasing the steel stiffness of concrete after concrete cracking takes 

place. The additional stress in the steel represents the total tensile force 

carried by both the steel and concrete between cracks. 

       Another method of representing the tension stiffening effect is by 

assuming that the loss of tensile strength in concrete appears gradually. 

This form has been represented by various types of descending branches 

of the post-cracking stress-strain curves 
(61)

. 

       Ansys program adopts the last method in considering the effect of 

tension stiffening in analysis.      
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4.2.5.6 Modeling of Concrete Crushing: 

       If the material at an integration point fails in uniaxial, biaxial or 

triaxial compression, the material is assumed to crush at that point. In 

SOLID65, crushing is defined as the complete deterioration of the 

structural integrity of the materials. Under conditions where crushing has 

occurred, material strength is assumed to have degraded to an extent such 

that the contribution to the stiffness of an element at the integration point 

can be ignored 
(49)

. 

 

4.2.5.7 Failure Criteria of Concrete:  

       The strength of concrete under multiaxial stresses is a function of the 

state of stress and cannot be predicted by limitations of simple tensile, 

compressive and shearing stresses independently of each other. 

Therefore, strength of concrete elements can be properly determined only 

by considering the interaction of the various components of the state of 

stress. Many failure criteria for concrete have been proposed in the past. 

ANSYS program adopts Willam and Warnke failure criterion for 

concrete.   

       Willam and Warnke (1975) 
(62)

 developed a mathematical model 

capable of predicting failure for concrete materials under multiaxial stress 

state. Both cracking and crushing failure modes are accounted for. This 

model is represented by the following equation: 

 

0


S
f

F

c

    ---- (4-5) 

where  

F= function of principal stress state ( zpypxp  ,, ). 
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S= failure surface expressed in terms of principal stresses and five input 

parameters (
1

,,, f
cb

fcftf
  and 

2f ). 

zpypxp  ,, =principal stresses in principal directions.  

If Equation (4-5) is satisfied, the material cracks or crushes. 

       A total of five input strength parameters are needed to define the 

failure surface as well as an ambient hydrostatic stress state ( a

h ). These 

are: 

 tf = ultimate uniaxial tensile strength. 


cf = ultimate uniaxial compressive strength. 

cbf =ultimate biaxial compressive strength. 

1f = ultimate compressive strength for a state of biaxial compression, 

superimposed on hydrostatic stress state ( a

h ). 

 2f = ultimate compressive strength for a state of uniaxial compression,  

superimposed on hydrostatic stress state ( a

h ). 

a

h =ambient hydrostatic stress state.  

       The failure surface can be specified with a minimum of two 

constants tf and 
cf . The other three constants can be determined from 

Willam and Warnke:  

cbf = 1.2 
cf    ---- (4-6) 

1f  =1.45 
cf    ---- (4-7) 

2f  =1.725 
cf  ---- (4-8) 

       However, these values are valid only for stress states where the 

condition stated below is satisfied: 

      
 ch f3 ---- (4-9) 

where  
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h = hydrostatic stress state which is equal to : 

                                h  = )(
3

1
zpypxp   ---- (4-10) 

       Both the function F and the failure surface S are expressed in terms 

of principal stresses denoted as 21, and 3  where: 

1 = max ( zpypxp  ,, ) 

3 =min ( zpypxp  ,, ) 

and 321    

The failure of concrete is categorized into four domains: 

1) 3210   (Compression – compression– compression) 

2) 321 0    (Tensile – compression –compression) 

3) 321 0    (Tensile– tensile– compression) 

4) 0321   (tensile–tensile–tensile) 

       Concrete will crack if any principal stress is tensile, while crushing 

will occur if all principal stresses are compressive. 

      A three-dimensional failure surface for concrete is shown in Figure 

(4-10). The most significant nonzero principal stresses are in the x and y 

directions, represented by σxp and σyp, respectively. Three failure surfaces 

are shown as projections on the σxp-σyp plane. The mode of failure is a 

function of the sign of σzp (principal stress in the z-direction). For 

example, if σxp and σyp are both negative (compressive) and σzp is positive 

(tensile), cracking would be predicted in a direction perpendicular to σzp. 

However, if σzp is zero or slightly negative, the material is assumed to 

crush 
(49)

. 
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Figure (4-10) 3D-Failure Surface of Concrete 
(49)

. 

 

       In a concrete element, cracking occurs when the principal tensile 

stress in any direction lies outside the failure surface. After cracking, the 

elastic modulus of the concrete element is set to zero in the direction 

parallel to the principle tensile stress direction. Crushing occurs when all 

principal stresses are compressive and lies outside the failure surface; 

subsequently, the elastic modulus is set to zero in all directions 
(49)

, and 

the element effectively disappears. 

 

4.3 Steel:  

       Steel is an isotropic material; its behavior is identical in tension and 

compression. A typical uniaxial stress-strain curve for a steel specimen 

loaded monotonically in tension is shown in Figure (4-11) 
(58, 59)

. 
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Figure (4-11) Typical Stress-Strain Curve for steel 
(58, 59)

. 

        

       For finite element models, steel is assumed to be elastic perfectly 

plastic. To simplify its typical curve, two branches in stress-strain curve 

are used: A first branch starts from the origin with slope equal to (Es,) up 

to (ƒy). A second branch (ET) is horizontal or, for practical use of 

computers, is assumed to have a very small slope. In this study, the curve 

shown in Figure (4-12) is used. For all types of steel, Poisson’s ratio is 

taken equal to (0.3) and the modulus of elasticity is taken equal to 

200,000 MPa 
(63)

.   

 

Figure (4-12) Stress-Strain Curve used in this study 
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4.3.1 Idealization of Steel in Finite Elements: 

4.3.1.1 Idealization of Steel Reinforcing bars: 

       There are three approaches used to model the steel reinforcing bars in 

finite element models 
(64)

: 

1. Smeared Model: 

       In the smeared model the reinforcements are assumed to be 

distributed uniformly over the element, as shown in Figure (4-13-a). 

Assuming perfect bonding between concrete and reinforcement, the 

constitutive relations can be derived from the composite theory.  This 

approach is used for large scale models where the reinforcement does not 

significantly contribute to the overall response of structure.  

2. Embedded Model: 

       In the embedded model, the reinforcing bar is considered to be an 

axial member built into the concrete element in such a way that its 

displacements are compatible with those of surrounding concrete 

elements as shown in Figure (4-13-b). The stiffness matrix of 

reinforcement is evaluated individually and then added to that of concrete 

to obtain global stiffness matrix. The element stiffness matrix can be 

derived through the use of the virtual work principle. When 

reinforcement is complex, this model is very advantageous. 

3. Discrete Model:  

       In discrete model, one dimensional bar elements are connected to the 

concrete mesh nodes, as shown in Figure (4-13-c), therefore the concrete 

and the reinforcement mesh share the same nodes and the same occupied 

regions. Full displacement compatibility between the reinforcement and 

concrete is a significant advantage of the discrete representation. Their 

disadvantages are the restrictions of the mesh and the increase in the total 

number of elements. 
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Figure(4-13) Models of Steel Reinforcing in Bars Finite Element 

Method:(a) Smeared Model. (b) Embedded Model. (c) Discrete 

Model 
(63)

. 

 

4.3.1.1.1 LINK8 Element 

        In the present study, the steel reinforcing bars (longitudinal bars and 

stirrups) are represented by using 2-node discrete representation (LINK8 

in ANSYS) and included within the properties of 8-node brick elements 

(SOLID65 element). 

       LINK8 element is a spar (or truss) element which may be used in a 

variety of engineering applications .This element can be used to model 

trusses, sagging cables, links, springs, ect. The three dimensional spar 

element is a uniaxial tension- compression element with three degrees of 

freedom at each node: translations in the nodal x, y and z-direction. As in 

a pin-jointed structure, no bending of the element is considered. 

Plasticity, creep, swelling, stress, stiffening, and large deflection 
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capabilities are included. The geometry, node locations, and the 

coordinate system for this element are shown in Figure (4-14). 

 

 

 

 

                           Figure (4-14) LINK8 Geometry
 (49)

   

 

       The element is defined by two nodes, the cross-sectional area, an 

initial strain and the material properties
 (49)

. 

       The reinforcement is assumed to be capable of transmitting axial 

forces only, and perfect bond is assumed to exist between the concrete 

and the reinforcing bars. To provide the perfect bond, the link element for 

the steel reinforcing bar is connected between nodes of each adjacent 

concrete solid element, so the two materials share the same nodes.   

 

4.3.1.2 Idealization of Steel Plates: 

        To prevent stress concentration problems and to provide stress 

distribution over the loading areas, steel plates are added at loading 

locations in the finite element models (as in the actual columns). Solid 

element (SOLID45) is used to present the steel plates. The steel plates are 

assumed to be linear elastic materials. The geometry, node locations, and 

coordinate system for (SOLID45) elements are shown in the Figure (4-

15)
 (49)

.      
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                          Figure (4-15) SOLID45 Geometry
 (49)          

 

4.4 CFRP Composites: 

4.4.1 Mechanical Behavior of FRP Laminates: 

       The mechanical behavior of FRP laminates can be considered from 

two perspectives: micro-mechanics and macro-mechanics. Micro-

mechanics considers FRP as a composite material in the microscopic 

scale, which considers fiber and matrix as separate entities. Macro- 

Mechanics considers FRP as a composite material in the macroscopic 

scale, which considers fiber and matrix respond together as one 

homogeneous material while permits directional properties 
(10, 65 and 66)

. 

       The CFRP composites which are used in this study were considered 

according to macro-mechanics.  

 

4.4.1.1 Macro-Mechanics Representations: 

A. Orthotropic Laminate: 

       When the fibers are placed in resin in one direction, as shown in 

Figure (4-16-a), the laminate will be an orthotropic material. For 

orthotropic materials, the elastic moduli in the longitudinal and transverse 
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directions are different. Poisson's ratios in the two directions can also 

differ accordingly and must be determined experimentally. For designs, 

strains at various arbitrary angles with the applied load are often desirable
  

(10, 65 and 66)
.    

 

Figure (4-16) Several geometric arrangements of fiber 

reinforcements 
(65)

 

 

B. Isotropic Laminates 

       When fibers are mixed with resin in random orientation or when 

fibers have two or more orthogonal or oblique orientations, as shown in 

Figure (4-16-b, c), the laminate has directionless properties and can be 

treated as an isotropic material. For an isotropic laminate, the familiar 

engineering equations below apply. Isotropic laminate has an identical 

elastic modulus in any direction. The stress-strain behavior follows 

Hooke's law and Poisson's ratio ν is related to the shear modulus G and 

elastic modulus E in the following way
 (10, 65 and 66)

: 

                                      
)1(2 


E

G  ---- (4-11) 

Also, direct stress    , direct strain    , shearing stress    , and shearing 

strain  are related as follows.   

                                        
E


         ---- (4-12) 
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   ----(4-13) 

        

4.4.1.2 Stress -Strain Relationship: 

       Fiber reinforced polymer composites exhibit linear elastic behavior 

up to failure; therefore, the strain-stress relationship for CFRP in this 

study has been represented by a linear elastic model 
(67, 68)

, as shown in 

Figure (4-17).    

 

 

Figure (4-17) Stress-strain relationship for FRP materials. 

 

4.4.3 Idealization of Carbon Fibers Reinforced Polymer (CFRP) in 

Finite Elements (ANSYS): 

       Three dimensional shell element (SHELL99) is used to model the 

carbon fibers reinforced polymers composites in finite element models. 

This element behaves linear up to failure and has six degrees of freedom 

at each node: translations in nodal x, y, and z-directions and rotations 

about the nodal x, y, and z-axis. It is designed to model thin to 

G
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moderately thick composite plate and shell structures with side-to-

thickness ratio of roughly 10 or greater. The SHELL99 element allows a 

total of 250 uniform thicknesses that vary bilinearly over the area of the 

layer. If more than 250 layers are required, material matrix can be input. 

It also has an option to offset nodes to the top and bottom surface. The 

geometry, node locations, and coordinate system for this element are 

shown in the Figure (4-18)
 (49)

.      

 

                  
                              Figure (4-18) SHELL99 Geometry 

(49)
       

 

 



Notations 

 XV 

NNOOTTAATTIIOONNSS  
The major symbols used in the text are listed below; these and others are 

defined according to alphabetical order. 

 

General Symbols 
 

A, a Scalars 

[A],{a} Matrix [A], and vector {a} 

[A]
T
,{a}

T
 Transpose of matrix [A], and vector{a} 

[A]
-1

 Inverse of matrix [A] 

d,  Differential symbols 

 Denoting incremental quantity 

 Denoting iterative quantity 

|   | Determinant of matrix, or absolute value 

||  || 
Norm symbol 

 

Scalars 

dV Infinitesimal volume of the element 

E Modulus of elasticity (MPa)     

Ec Modulus of elasticity of concrete  

EFRP Young's Modulus of FRP fabric (MPa)  

Es Modulus of elasticity of reinforcement (MPa)  

ET Modulus of steel strain hardening  

f'c Compressive strength of concrete(Cylinder)(MPa) 

fc stress in concrete at any strain ε  

fcb Ultimate biaxial compressive strength. 

f´cc Confined concrete compressive strength  

f´co Unconfined concrete compressive strength                          

fFRP Ultimate tensile stress of FRP fabric (MPa) 

      flateral Radial confining pressure on the concrete core 

ft Uniaxial tensile Strength of Concrete (MPa) 

fy Yield strength of steel reinforcement (MPa) 

f1 

 

Ultimate compressive strength for a state of biaxial 

compression                                     

f2 

 

Ultimate compressive strength for a state of uniaxial  

compression  

F Function of principal stress state   

G Shear modulus    



Notations 

 XVI 

      R Radius of concrete core 

S Failure surface 

tFRP Thickness of the FRP fabric(mm) 

Wext. External work (work done by applied force) 

Wint. Internal work (strain energy)                             

βc Coefficient of shear strength reduction for closed crack 

βo Coefficient of shear strength reduction for opened crack  

 Strain 

εc Confined concrete axial strain 

εv Confined concrete volumetric strain  

εo Strain corresponding to peak uniaxial compressive stress 

u Ultimate strain of concrete 

εcc Confined concrete axial strain at peak stress 

εζ Lateral (hoop) strains for confined concrete 

εγ Hoops strains for confined concrete 

y Strain of steel at yield stress 

oct  Compressive octahedral normal strain   

oct  Hydrostatic stress  

oct  Octahedral shear stress  

oct  Octahedral shear strain  

σ1, σ2, σ3 Principal stresses in x, y and z-axis 

σ xp, σyp, 

σxp 

Principal stresses in principal directions zpypxp  ,,  

a

h  Ambient hydrostatic stress state            

a

h  Ambient hydrostatic stress   

h  Hydrostatic stress  

σ1, σ2, σ3 Principal stresses in x, y and z axis 

ν Poisson's ratio 

  Shearing stress 
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Matrices 
 

[B] Strain- nodal displacement matrix 

[D] Constitutive matrix 

[K
e
] Element stiffness matrix 

[K] Overall structural stiffness matrix 

[N]  Shape function matrix  

 

Vectors 
 

{F}= {F
a
} vector of applied loads (total external force vector) 

{u} unknown nodal displacements vector (local displacements) 

{U} body displacements vector (global displacements). 

{} elements of real stress vector  

{} elements of strain vector  

 

Subscripts and Superscripts 
 

C Concrete 

G Denoting global coordinates system 

L Denoting local coordinates system 

S Steel 

T Tension 

tg Tangent                         

y Yielding 

x, y, z Denoting Cartesian coordinates 

ξ, ε, δ Denoting local coordinates 

1, 2, 3 Denoting principal directions 

i subscript representing the current equilibrium  

n total number of elements 

V Volume  
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Abbreviations 
 

ACI American Concrete Institute 

ANSYS Analysis System Program (package) 

ASCE American Society of Civil Engineers 

ASTM American Society for Testing and Materials 

AFRP Aramid Fiber Reinforced Polymer 

CFRP Carbon Fiber Reinforced Polymer  

EXP Experimental Results 

FEM Finite Element Analysis 

FRP Fiber Reinforced Polymer  

FRPS Fiber Reinforced Polymer System 

GFRP Glass Fiber Reinforced Polymer 

MPa Mega Pascal (MN/mm
2
)(equal to N/mm

2
) 

No. Number (issue) 

pp. Pages 

Ref. Reference 

RC Reinforced Concrete 

TOLER Tolerance 

Vol. Volume  
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CHAPTER SIX 

PARAMETRIC STUDY 
 

 
6.1 Introduction: 
       In this chapter, parametric study is conducted to investigate the effect 

of most important parameters on a number of concrete columns 

strengthened with CFRP which were analyzed by the nonlinear finite 

element analysis in the previous chapter. These parameters include: 

thickness of CFRP layer, compressive strength of concrete, modulus of 

elasticity of CFRP, aspect ratio of column cross section, columns 

slenderness, loading eccentricity and corner radius of square columns.  

       It is very important to mention that when one parameter is varied; all 

other properties of the system will be held constant in order to isolate the 

effects of the other parameters. 

 

6.2 Effect of CFRP Layer Number (Thickness of CFRP): 

       To study the effect of CFRP layer thickness on the behavior of 

circular and square reinforced concrete columns strengthened with CFRP, 

two columns were selected (circular CF-130 and square CF-130) from the 

second test in the previous chapter. For each of these column types, the 

CFRP which was applied had the same mechanical properties. Three 

CFRP layer thicknesses (0.33, 0.495 and 0.66mm) were used in addition 

to the original layer thickness (0.165mm) to conduct this study. Because 

of the difficulties to perform comparison with the control specimens 

reported in the experimental test, the comparison was performed with the 

same selected columns and after that they were analyzed by finite 
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element method without CFRP layer to consider as control specimens. It 

is important to mention that the curves will remain in form of normalized 

load- axial strain for easy performance in doing comparisons with other 

columns in the experimental test. 

       For (circular CF-130), Figure (6-1) reveals that the increase of layer 

thickness with values (0.165,0.33,0.495 and 0.66mm) leads to increases 

in the gained strength with percentages (33.33 ,62.66 ,115.6 and 

170.15%) and increases in the gained ductility with percentages (46.4, 

75.71 ,165.7 ,201.7%) respectively as compared with control specimen. 

On the other hand, for (square CF-130), Figure (6-2) reveals that for the 

same increase in layer thickness used for (circular CF-130), the gains in 

axial strength for (square CF-130) are (24.66, 52.45, 71.69 and 83.2%) 

and the gains in ductility are (31.81, 36.36, 67.47 and 107.95%), as 

compared with control specimen    respectively. 

       From the above result, it is concluded that CFRP jacket can 

significantly enhance the strength and ductility of circular and square 

concrete columns and the gained increase in strength and ductility for 

circular column is about twice that for a square column. Also, it can be 

argued that the thickness of the CFRP composite jacket is the key 

parameter in increasing axial strength and ultimate strains of reinforced 

concrete columns. The CFRP jacket must be stiff enough to develop 

appropriate confining forces at a relatively low column axial strain level. 

The strengthening efficiency is proportional to the stiffness of the CFRP 

jacket.  Furthermore, a stiff jacket will control the dilation of the concrete 

cross section more effectively and result in a larger axial deformation 

capacity. 
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Figure (6-1) Normalized load-axial strain curves using finite element 

method for various CFRP thicknesses for circular columns (circular 

CF-130) with and without CFRP wraps. 
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Figure (6-2) Normalized load-axial strain curves using finite element 

method for various CFRP thicknesses for square columns (square 

CF-130) with and without CFRP wraps. 
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6.3 Effect of Columns' Compressive Strength: 

      Different concrete compressive strengths for circular and square 

columns were considered for the same columns used in previous study 

with a selected CFRP thickness equal to (0.660mm). Three values of 

concrete compressive strength (f'c) were used (35, 50 and 65 MPa) in 

addition to the original concrete compressive strength of experimental 

test (23.8 MPa for circular CF-130 and 19.6 MPa for square CF-130). 

       Figure (6-3) reveals that as concrete compressive strength is 

increased with values (35, 50 and 65MPa) for square controls (columns 

without strengthening with CFRP wraps), the axial strength of the 

columns increases with percentages (98.07, 159.94, and 201.2%) and the 

ductility decreases with percentages (13.29, 42.954 and 54.12%), as 

compared with the axial strength and ductility of the original state (f'c 

=19.6MPa). The decrease in ductility may belong to the tendency to the 

brittle behavior of concrete in higher concrete compressive strength. On 

the other hand ,in state of square columns strengthened with CFRP wraps, 

as concrete compressive strength is increased with the same values above, 

the gain in axial strength is lower with percentages (83.2 ,79.66 ,71.89 

and 60.78%)  and the gain in ductility is lower with percentages (107.95 

,94.73 ,89.56 and 73.97%), as compared with the controls respectively. 

       For circular columns; Figure (6-4) reveals that in state of columns 

which have not been strengthened with CFRP wraps (controls), as 

concrete compressive strength is increased with values (35 ,50 and 65), 

the axial strength of columns increases with percentages (69.72 ,135.6 

and 210.17%) and the ductility decreases with percentages (5.7, 19.7and 

26.3%), as compared with the original state (f'c=23.8MPa). The slight 

decrease in ductility for circular columns may belong to the inherent 
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property of higher ductility of circular section and density of transverse 

steel in comparison with square columns.  

       On the other hand, for circular columns strengthened with CFRP 

wraps, as concrete compressive strength increases with the same values 

above  the gain in axial strength is lower with percentages (170.15, 

151.74 ,126.31 and 116.02%) and the gain in ductility is also lower with 

percentages (201.7 ,198.68 ,187.53 and 176.44%), as compared with 

controls.   

       From the above results, it may be concluded that the increase of f'c 

for circular and square columns without strengthening, results in equal 

increase in strength but different decrease in ductility. On the other hand 

the increases in axial strength and ductility which come from 

strengthening with CFRP jackets for circular and square columns reduces 

with the increase in concrete compressive strength, but the gained 

increase remains effective to enhance the compressive strength and 

ductility. 

 

 

 

 

 

 

 

 



Chapter Six                                                                    Parametric Study  

115 

 

 
 

0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

5

0 0.002 0.004 0.006 0.008 0.01

Axial Strain

N
o

rm
a

li
z
e

d
 L

o
a

d
 (

k
N

/k
N

)

f́ c=35MPa

- - - - Without CFRP

___ With CFRP

f́ c=35 MPa

f́ c=19.6 MPa

f

 
f́ c=50 MPa

f́ c=50 MPa

f́ c=65 MPa

f́ c=19.6 MPa

 f́ c=65 MPa

 

Figure (6-3) Normalized load-axial strain curves using finite element 

method for various f'c for square columns (square CF-130) with and 

without CFRP wraps. 
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Figure (6-4) Normalized load-axial strain curves using finite element 

method for various f'c for circular columns (circular CF-130) with 

and without CFRP wraps. 
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6.4 Effect of Modulus of Elasticity of CFRP: 
       To investigate the influence of the modulus of elasticity of CFRP 

composites, the same columns used in the two previous parametric 

studies were used here. Three values of modulus of elasticity (340,450and 

560 GPa) were selected from (ACI committee 440.22R-02) 
(2) 

in addition 

to the original value (227 GPa). 

       For a circular column, Figure (6-5) reveals that as modulus of 

elasticity increases with values (227, 340, 450 and 560GPa), the gained 

strength and ductility increase to be (33.33, 71.25, 93.7 and 111.8%) and 

(46.4, 73.56, 157.14 and  217.5%), as compared with controls 

respectively. 

       For a square column, it can be noted from Figure (6-6) that, for the 

same increases in the modulus of elasticity which are used for a circular 

column, the gained strength and ductility are (24.66, 43.8, 51.78 and 

69.73%) and (31.81, 37.95, 51.6 and 91.65%), as compared with controls 

respectively. 

       From the above results, it may be concluded that the modulus of 

elasticity is an important parameter in strengthening circular and square 

RC columns, and the increase in modulus of elasticity in high levels 

enhances the ductility significantly.  
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Figure (6-5) Normalized load-axial strain curves using FEM for various 

values of modulus of elasticity of CFRP composites for strengthening of 

circular reinforced concrete column (circular CF-130) 
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Figure (6-6) Normalized load-axial strain curves using FEM for various 

values of modulus of elasticity of CFRP composites for strengthening of 

square reinforced concrete column (square CF-130). 
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6.5 Effect of Column's Cross-Section Aspect Ratio: 
       To study the effect of cross-section aspect ratio on the strengthening 

of reinforced concrete columns with CFRP, three columns specimens of 

Harajli 
(71)

 experimental test were used. The aspect ratio of columns' 

cross-sections are (1, 1.7 and 2.7).  

       From Figures (6-7) to (6-9), it is noted that for values of the aspect 

ratio of the cross section (1.0, 1.7 and 2.7), the acquired axial strength 

which comes from the strengthening with CFRP jacket decreases at 

percentages (94.7, 61.9 and 36.98%), as compared with controls 

respectively. In the same time, the acquired ductility also decreases to 

take the percentages (196.34, 155.1, and 132.9%), as compared with 

controls respectively. 

       From the above, it may be concluded that the improvement of 

column axial strength and ductility becomes less significant, as the aspect 

ratio of the column section increases. 
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Figure (6-7) Axial load-axial strain curves using FEM for reinforced 

concrete column with CFRP jacket and without CFRP jackets for 

cross-section aspect ratio equal to (1).  

 

 

0

100

200

300

400

500

600

0 0.002 0.004 0.006 0.008 0.01 0.012 0.014

Axail Strain

A
x

ia
l 
L

o
a

d
 (

k
N

)

FEM(without CFRP)

FEM(with CFRP)

 
Figure (6-8) Axial load-axial strain curves using FEM for reinforced 

concrete column with CFRP jacket and without CFRP jackets for 

cross-section aspect ratio equal to (1.7) 
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Figure (6-9) Axial load-axial strain curves using FEM for reinforced 

concrete column with CFRP jacket and without CFRP jackets for 

cross-section aspect ratio equal to (2.7) 

 

6.6 Effect of Slenderness (Height/Side Width) Ratio:  

       A small scale column (C1SFP1) was selected from the experimental 

test of Harajli which was analyzed by FEM in the previous chapter to 

study the effect of slenderness ratio (ratio of height of column to cross 

section side width) on the strengthening of reinforced concrete column 

with CFRP. Three values of slenderness ratio (3.05/1, 3.8/1 and 4.6/1) 

were used in addition to the original slenderness ratio (2.3/1).  Figures 

from (6-10) to (6-13) show the finite element models of RC columns with 

selected values of slenderness ratios. 

       From Figures (6-14) to (6-17), it is noted that as the slenderness 

increases with ratios (3.05/1, 3.8/1 and 4.6/1), the acquired increase in 

axial strength due to strengthening with CFRP decreases with percentages 

(94.7, 91.73, 65.1 and 29.56%), as compared with controls respectively, 
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and in the same time the decreasing percentages in ductility are (196.34, 

152.8, 82.24 and 47.76%), as compared with controls respectively. 

 

 

 

Figure (6-10) Finite element model of reinforced concrete column 

with slenderness (2.3/1) and reinforcement steel 

 

 

Figure (6-11) Finite element model of reinforced concrete column 

with slenderness (3.05/1) and reinforcement steel 
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Figure (6-12) Finite element model of reinforced concrete column 

with slenderness (3.8/1) and reinforcement steel 

 

  

Figure (6-13) Finite element model of reinforced concrete column 

with slenderness (4.6/1) and reinforcement steel 
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Figure (6-14) Axial load-axial strain curves using FEM for reinforced 

concrete column with CFRP jacket and without CFRP jackets for 

slenderness value equal to (2.3/1) 
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Figure (6-15) Axial load-axial strain curves using FEM for reinforced 

concrete column with CFRP jacket and without CFRP jackets for 

slenderness value equal to (3.05/1) 
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Figure (6-16) Axial load-axial strain curves using FEM for reinforced 

concrete column with CFRP jacket and without CFRP jackets for 

slenderness value equal to (3.8/1) 
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Figure (6-17) Axial load-axial strain curves using FEM for reinforced 

concrete column with CFRP jacket and without CFRP jackets for 

slenderness value equal to (4.6/1) 
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6.7 Effect of Eccentric Loading: 
       To study the effect of eccentric loading on the behavior of reinforced 

concrete columns strengthened with CFRP, a small scale column 

(C1SFP1) was selected from the experimental test of Harajli 
(71)

 which 

was analyzed using FEM in the previous chapter. It is very important to 

mention that in this study half of the column was considered instead of 

quarter which was taken in other parametric studies. Three values of 

eccentricity were selected (5.5, 11 and 16.5 mm), these values are small 

enough not to generate any tension in the longitudinal direction. The 

columns strengthened with CFRP jacket, are compared with columns 

without strengthening. Figure (6-18) shows the whole finite element 

model of (C1SFP1) column with fine mesh. 

       Figures (6-19) to (6-21) reveal that as the eccentricity is increased 

with values (5.5, 11 and 16.5mm), the acquired axial strength decreases 

with the percentages (85.56, 81.78 and 74.6%), as compared with 

controls respectively, and the acquired ductility decreases with 

percentages (158.63, 141.47 and 133.48%), as compared with controls 

respectively. 

       Form these results, it may be concluded that the strengthened 

columns subjected to eccentric loading show a reduction in the gained 

strength and gained ductility, as compared with concentric loading. But 

there are significant enhancements in strength and ductility, as compared 

with controls (without strengthening). 
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Figure (6-18) Finite element model of C1SFP1 column 
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Figure (6-19) Axial load-axial strain curves using FEM for reinforced 

concrete column with CFRP jacket and without CFRP jackets for 

eccentricity of (5.5mm) 
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Figure (6-20) Axial load-axial strain curves using FEM for reinforced 

concrete column with CFRP jacket and without CFRP jackets for 

eccentricity of (11mm) 
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Figure (6-21) Axial load-axial strain curves using FEM for reinforced 

concrete column with CFRP jacket and without CFRP jackets for 

eccentricity of (16.5 mm) 
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6.8 Effect of Corner Radius of Cross Section: 
       The same column which was used in the previous parametric study 

was used here to study the effect of corner radius on the strengthening of 

RC column with CFRP. Three corner radii were selected (5, 25 and 

35mm) (with keeping a suitable cover for the reinforcement steel) in 

addition to the original corner radius of experimental test column which 

was (15mm).Figures (6-22) to (6-25) show the finite element models of 

RC columns with selected values of corner radii. 

       From Figures (6-26) to (6-28), it is noted that the decrease in 

sharpness of the corners of the cross section by increasing the corner 

radius with the values (5, 15, 25 and 35) results in percentage increases in 

axial strength of column strengthened with CFRP jacket, as compared 

with controls by about (65.8, 94.7, 122.5 and 141.6 %) respectively and 

percentage increases in ductility by (129, 196.34, 239.2 and 253.2%) 

respectively.  

       This is attributed to the fact that the CFRP jacket delivers a higher 

confining stress as the corner sharpness decreases because of the 

expansion in hoop tension region which arises in the corners and spreads 

towards the sides.  
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Figure (6-22) Finite element model of CFRP strengthened reinforced 

concrete column with radius of corner equal to (5mm) 

 

 

Figure (6-23) Finite element model of CFRP strengthened reinforced 

concrete column with radius of corner equal to (15mm) 
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Figure (6-24) Finite element model of CFRP strengthened reinforced 

concrete column with radius of corner equal to (25mm) 

 

Figure (6-25) Finite element model of CFRP strengthened reinforced 

concrete column with radius of corner equal to (35mm) 
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Figure (6-26) Axial load-axial strain curves using FEM for reinforced 

concrete column with CFRP jacket and without CFRP jackets with 

radius of corner equal to (5mm) 
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Figure (6-27) Axial load-axial strain curves using FEM for reinforced 

concrete column with CFRP jacket and without CFRP jackets with 

radius of corner equal to (25mm) 
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Figure (6-28) Axial load-axial strain curves using FEM for reinforced 

concrete column with CFRP jacket and without CFRP jackets with 

radius of corner equal to (35mm) 
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CHAPTER FIVE 

VERIFICATION STUDY 
 

 

5.1 Introduction: 
       In order to check the validity and accuracy of the finite element 

models of reinforced concrete columns strengthened with CFRP with 

their materials properties modeled in the previous chapter, a verification 

study is done. 

       Nonlinear finite element analysis on a number of available 

experimental columns specimens strengthened with CFRP, is performed 

by using ANSYS software program Release 9.0, and then a comparison 

between the numerical and experimental results are presented in this 

chapter. It is important to mention that this numerical study is 

approximate in nature due to many factors, which are mainly: 

1. Approximation in the material modeling of concrete and steel. 

2. Approximation inherent in the finite element technique. 

3. Approximation in the integration function used in this numerical 

analysis.                                                                                                                           

4. Approximation introduced due to the type of procedure used to 

solve the nonlinear system of equations. 
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5.2 Testing of Circular Reinforced Concrete Columns 

Strengthened with CFRP Wraps: 

 
       The columns specimens analyzed in this section by the finite element 

method were chosen from the test conducted by Matthys et al. 
(69)

 in 

[2006]. The test was carried out on six columns specimens. Two of which 

were wrapped with CFRP sheets, other two specimens were wrapped 

with GFRP fabrics, one specimen was wrapped with hybrid FRP and the 

last was without FRP as control.  For the CFRP sheet the systems (C240 

and C640 sheet/Multipox T-epoxy) were used, with a width of 300mm 

and a nominal thickness (equivalent dry fiber) of (0.117mm) for (C240) 

and (0.235mm) for (C640). Three columns specimens were chosen from 

this experimental test to be analyzed by the finite element method, the 

specimens were denoted by; (K1) as control specimen, and (K2 and K3) 

as columns specimens strengthened with CFRP sheets. The mechanical 

properties and the details of CFRP sheet for columns specimens are 

shown in Table (5-1). 

 

Table (5-1) The mechanical properties and the details of CFRP sheet 

for columns specimens. 

Mechanical properties 

Type of CFRP 

C-sheet 240-

Multipox T 

C-sheet 640-

Multipox T 

Nominal dimensions  [mm] 300×0.117 300×0.235 

Tensile strength          [N/mm
2
] 2600 1100 

Ultimate strain           [%] 1.19 0.22 

Modulus of elasticity  [N/mm
2
] 198000 480000 

 

Columns 

specimens 
FRP type Number of layers 

Width

[mm] 
Wrapping 

K1 − − − − 

K2 C240 5 300 full 

K3 C640 4 300 full 
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       All the columns specimens had circular cross-section with (400mm) 

diameter and (2000mm) high. The steel reinforcement was (10Ø12) as 

longitudinal steel and (Ø8) as stirrup spaced every (140mm), extra stirrup 

reinforcement was also provided at the column ends. Figure (5-1) shows 

the column dimensions and details of steel reinforcement, and Table (5-2) 

shows the mechanical properties of concrete and steel. 

 

 

Figure (5-1) Dimensions and details of steel reinforcement of 

specimens 
(69)
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Table (5-2) Mechanical properties of concrete and steel of specimens
(69)

   

Concrete 

Mechanical properties 
Columns specimens 

K1 K2 K3 

 Compressive strength ( 
cf )      [MPa] 31.8 34.3 34.3 

 Tensile strength (
tf )

** 
             [MPa] 3.49  3.63 3.63 

Modulus of elasticity( cE )
***

    
 
[MPa] 26504 27526.1 27526.1 

 Poisson's ratio
*
  0.2 0.2 0.2 

Steel 

Mechanical properties 
Longitudinal 

steel 

Transverse 

steel 

Yield strength                         [MPa] 560 620 

Tensile strength                      [MPa] 610 720 

Ultimate strain                        [mm] 2.77 8.73 

Modulus of elasticity              [MPa] 200000 200000 

Poisson's ratio
*
 0.3 0.3 

*assumed, ** tf =0.62 cf   , *** 
 cc fE 4700  

5.2.1 Finite Element Analysis:  

       The finite element method was applied to the three columns. The 

concrete of columns was modeled by SOLID65 element, all steel 

reinforcement was modeled by LINK8 element, and CFRP sheets were 

modeled by SHELL99 element. 

       Because of the symmetry, a half column was used, the global 

coordinate system of the column specimen was defined in such a way that 

the bottom face of the half cylinder lies in the x-y plane and the positive 

z-axis is aligned with the axis of the half cylinder. The bottom face of the 

cylinder was completely clamped (zero displacements and rotations on all 

nodes at z = 0). A pressure load was applied to all nodes on the top face 

(z = height) of the cylinder in a single load step. The load was applied in 

several sub- steps in such a way that it gradually increases at a constant 

rate from zero to a predefined final load. Figure (5-2) shows the finite 

element mesh of the column and the boundary conditions and the applied 
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pressure. The models were carried out using (force convergence criterion) 

with tolerance of (5%), and full Newton-Raphson method was used as a 

nonlinear solution algorithm.  

 

 
Figure (5-2) (a) Finite element model of column(concrete elements, 

boundary condition and applied pressure (b) Mesh of CFRP (c) steel 

elements. 
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5.2.2 Results of The Analysis:  

       The axial stress-axial strain curves at middle point in the height of 

columns K1, K2 and K3, obtained from the numerical study along with 

the experimental curves reported by Matthys et al.
 (69)

  are presented and 

compared in Figures (5-3) , (5-4) and (5-5). These figures show good 

agreement between the experimental and finite element axial stress- axial 

strain curves. It is important to mention that ANSYS cannot predict the 

descending part of the experimental stress-strain curve. Table (5-3) shows 

that the computed ultimate load from the finite element analysis is 

slightly less than the actual experimental ultimate load of reinforced 

concrete columns confined with CFRP jackets. Figures (5-6), (5-7) and 

(5-8) show results of axial strain using ANSYS program for (K1, K2 and 

K3) columns.  

       It can be seen that the ratio of the experimental to numerical axial 

strength and axial strain ranges between 0.936-0.972 and 0.91-1.046 

respectively. The reasons of differences between the experimental and the 

numerical results are mentioned in the introduction of this chapter. These 

results prove the validation of the finite element models in the analysis of 

circular reinforced concrete columns strengthened with CFRP 

composites.       
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Figure (5-3) Experimental and numerical stress-strain curves of 

control column (K1) (without CFRP strengthening).  
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Figure (5-4) Experimental and numerical stress-strain curves of 

column strengthened with CFRP wraps (K2) (with CFRP 

strengthening).  
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column strengthened with CFRP wraps (K3) (with CFRP 

strengthening). 
 

 

 

 

Table (5-3) Experimental
 (69)

   and numerical results of ultimate load 

and axial strain  

Column 

Ultimate load [kN] Axial strain [mm/m] 

EXP
*
 FEM 

FEM 

EXP 
EXP

*
 FEM 

FEM 

EXP 

K1 4685 4557 0.972 2.8 2.55 0.91 

K2 7460 6988 0.936 11.1 10.32 0.929 

K3 7490 7194 0.960 4.3  4.5 1.046 
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Figure (5-6) Variations in axial strain for column (K1) using ANSYS 

 

 
Figure (5-7) Variations in axial strain for column (K2) using ANSYS 
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Figure (5-8) Variations in axial strain for column (K3) using ANSYS 
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5.3 Testing of Circular and Square Reinforced Concrete 

Columns Strengthened with CFRP Wraps: 
 

       This experimental test was conducted by Parretti and Nanni
 (70)

 in 

[2002] to demonstrate capability of CFRP in strengthening of concrete 

columns with different fiber orientations and different concrete cross 

sections (circular and square). The six columns which were selected from 

the eight columns of the test to be analyzed by the finite element method 

are listed with their symbols and mechanical properties of their materials 

in Table (5-4).The dimensions and steel reinforcement details of each 

group are shown in Table (5-5) and Figure (5-9). Corners of square cross 

section specimens receive a 13 mm chamfer to avoid stress concentration 

where CFRP laminates are bent. The enlargement at two ends of each 

specimen provides good load transfer and simulates the restraint of the 

horizontal members of the real structure.  

 

 

Figure (5-9) Dimensions (mm) and steel reinforcement details 
(70).
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Table (5-4) Materials properties 
(70)

 

Column 

Concrete 

Longi- 

tudinal  

steel 

Lateral 

Steel  CFRP 

f'c  

[MPa] 

ft
*

 

[MPa] 

Ec
**

 
[MPa] 

fy   

[MPa] 

fy  

 [MPa] 

 tFRP 

[mm] 
fFRP 

[MPa] 

EFRP 

[GPa] 

εFRP
 

[%] 

Circular 

Control 19.6 2.74 20808 360 632 --- --- --- --- 

CF-130 23.8 3.02 22929 360 632 0.165 3800 227 1.67 

L200-C 25.5 3.13 23734 393 517 0.122 4140 230 1.7 

L300-C 25.5 3.13 23734 393 517 0.175 4090 230 1.7 

Square 

Control 35.4 3.68 27964 400 427 --- --- --- --- 

CF-130 19.6 2.74 20808 400 427 0.165 3800 227 1.67 

 where 

 tFRP :  Thickness of CFRP layer 

 fFRP :   Ultimate tensile strength of CFRP 

 EFRP: Modulus of elasticity of CFRP                

 εFRP:  Ultimate tensile elongation of CFRP  

* tf =0.62 cf   , ** 
 cc fE 4700  

 

Table (5-5) Column cross-sections and reinforcement details
(70)

 

 

Column 

Cross-

section 

[mm] 

Height   

[mm] 

Longitudinal 

reinforcement   

Lateral 

Reinforcement 

[mm] 

Square 178×178 914 4Ø13 Ø6@178mm 

Circular 200 914 8Ø10 Ø6@50mm 
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5.3.1 Finite Element Analysis:  

       The finite element method using ANSYS program was applied to the 

six columns of the test. The same element types which were used in 

previous analysis are used here in modeling concrete, steel and CFRP 

composites.   

       Because of the symmetry, quarter columns were used, the global 

coordinate system and the boundary conditions of the columns specimens 

were defined as in the previous section. Figure (5-10) shows quarter finite 

element model of square specimens and the boundary conditions. Figures 

(5-11) and (5-12) show the whole finite element model and element mesh 

of steel and CFRP for circular and square columns specimens 

respectively using (expand) command which is provided in ANSYS 

program. 

 
 

Figure (5-10) Finite element model (quarter of square column), 

boundary condition and applied pressure. 
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Figure (5-11) (a) Finite element model of circular section (whole 

column) (b) steel elements (c) Mesh of CFRP. 

 
 

Figure (5-12) (a) Finite element model of square section (whole 

column) (b) steel elements (c) Mesh of CFRP. 
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5.3.2 Results of The Analysis:  

       The axial normalized load -axial strain curves at middle point in the 

height of columns of this test, obtained from the numerical study along 

with the experimental curves as reported by Parretti and Nanni 
(70)

, are 

presented and compared in Figure (5- 13) to (5-18).  

The normalized load (PN) is defined as: 

 

YSCSC

N

fAfAA

P
P







)(
      ---- (5-1) 

where P represents the applied load , Ac and f'c represent area and 

cylinder compressive strength of the concrete, and AS and fy are area and 

yield strength of the steel, respectively. These figures show good 

agreement between the experimental and finite element axial normalized 

load- axial strain curves. 

       Figures (5-19) to (5-24) show results of axial strain using ANSYS 

program for (Circular control, Circular CF-130, Circular L200-C, 

Circular L300-C, Square Control and Square CF-130  ) columns. Table 

(5-6) shows the computed ultimate load from the finite element analysis 

and the actual experimental ultimate load of reinforced concrete columns 

confined with CFRP jackets. It can be seen that the ratio of the 

experimental to numerical axial strength and axial strain ranges between 

0.911-0.967, 0.92-1.07 respectively. These results prove the validation of 

the finite element models in the analysis of circular and square reinforced 

concrete column strengthened with CFRP composites.       
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Table (5-6) Experimental and numerical results of ultimate load and 

axial strain  

Column 

Ultimate load [kN] Axial strain  

EXP FEM 
FEM 

EXP 
EXP FEM 

FEM 

EXP 

Circular  

Control 928 880 0.948 0.0206 0.0190 0.92 

CF-130 1356 1247 0.919 0.0019 0.0020 1.07 

L200-C 1543 1486 0.963 0.0089 0.0088 0.98 

L300-C 1542 1405 0.911 0.0083 0.0081 0.97 

Square 

Control 1120 1084 0.967 0.0032 0.0029 0.90 

CF-130 943 877 0.932 0.0063 0.0058 0.92 
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Figure (5-13) Experimental and numerical normalized load-strain 

curves of column (Circular-control). 
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Figure (5-14) Experimental and numerical normalized load -strain 

curves column strengthened with CFRP wraps (Circular-CF-130). 
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Figure (5-15) Experimental and numerical normalized load -strain 

curves of column strengthened with CFRP wraps (Circular-L200-C). 
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Figure (5-16) Experimental and numerical normalized load -strain 

curves of column strengthened with CFRP wraps (Circular-L300-C). 
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Figure (5-17) Experimental and numerical normalized load -strain 

curves of column strengthened with CFRP wraps (Square-CF-130). 
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Figure (5-18) Experimental and numerical normalized load -strain 

curves of column (Square-control). 
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Figure (5-19) Variations in axial strain for column (Circular-Control) 

using ANSYS 

 

 
Figure (5-20) Variations in axial strain for column (Circular- CF-

130) using ANSYS 
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Figure (5-21) Variations in axial strain for column (Circular- L200-

C) using ANSYS 

 

 
Figure (5-22) Variations in axial strain for column (Circular-L300-C) 

Using ANSYS 
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Figure (5-23) Variations in axial strain for column (Square-Control) 

Using ANSYS 

 

 
Figure (5-24) Variations in axial strain for column (Square-CF130) 

Using ANSYS 
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5.4 Testing of Rectangular Reinforced Concrete Columns 

Strengthened with CFRP Wraps: 
 

       In [2006] Harajli et al. 
(71)

 conducted experimental test of twenty four 

small scale plain and reinforced concrete rectangular columns 

strengthened with CFRP composite. The main objective of this study was 

to investigate the effectiveness of CFRP for various aspect ratios of the 

column rectangular sections and the development of stress-strain model.   

       The specimens were divided into three series depending on their 

aspect ratios which were (1, 1.7and 2.7). Each series was divided into two 

groups, one group corresponds to plain concrete and the other group to 

reinforced concrete. In each group, four specimens were  tested, one 

control specimen (without CFRP) and three specimens with different 

areas of CFRP jackets, while the specimens in the various test series had 

different aspect ratios, but all column sections had approximately 

identical areas. Round corners of 15mm radius were provided in all 

specimens for CFRP applications. Figure (5-25) shows dimensions and 

reinforcement details of reinforced concrete specimens. The dimensions 

of plain concrete specimens are similar to that of reinforced concrete 

specimens. Mechanical properties of specimens' materials are listed in 

Table (5-7). 

       Six concrete columns strengthened with one layer of CFRP 

(thickness 0.13mm) were selected from the test (two columns from each 

series) to be analyzed by the finite element method. Three of which had 

plain concrete designated as (C1FP1, C2FP1 and C3FP1) and the other 

three had reinforced concrete designated as (C1SFP1, C2SFP1 and 

C3SFP1). 
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Figure (5-25) Dimensions and reinforcement details of reinforced 

concrete specimens 
(71)

.   
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Table (5-7) Mechanical properties of columns' materials 

CFRP 

Thickness of layer                                            [mm]                                                  0.13 

Tensile strength                                                [MPa] 3500 

Ultimate strain                                                  [%]                 0.015 

Modulus of elasticity                                      [MPa] 230000 

Steel 

Yield stress of longitudinal steel                      [MPa] 596 

Yield stress of lateral steel                               [MPa] 397    

 Modulus of elasticity for both type                 [MPa]  200000 

Poisson ratio* 0.3 

 Plain concrete 

Compressive strength ( 
cf )                             [MPa] 18.3 

Tensile strength ( tf ) **                                   [MPa] 2.65 

Modulus of elasticity( cE )***                          [MPa] 20105.9 

Poisson ratio  0.2 

Reinforced concrete 

Compressive strength ( 
cf )                             [MPa]  15.2 

Tensile strength( tf )**                                    [MPa] 2.41 

Modulus of elasticity( cE )***                         [MPa] 18324 

Poisson ratio*  0.2 

*assumed, ** tf =0.62 cf  , *** 
 cc fE 4700  

 

 

5.4.1 Finite Element Analysis:  

       The finite element method was applied to the six columns. The same 

element types which were used in the previous analysis were used here 

for modeling concrete, steel and CFRP composites.   

       Because of the symmetry, a quarter column was used, and the global 

coordinate system and the boundary conditions of the columns specimens 

were defined as in the first analysis. Figure (5-26) shows quarter finite 
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element model of these specimens and the boundary conditions. Figures 

from (5-27) to (5-29) show the whole finite element model and element 

mesh of steel and CFRP specimens respectively using (expand) command 

which is provided in ANSYS program. 

 

 

Figure (5-26) Finite element model (quarter of column), boundary 

condition and applied pressure. 
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Figure (5-27) (a) Finite element model for column with aspect ratio 1 

(whole column) (b) steel elements (c) Mesh of CFRP. 

 
Figure (5-28) (a) Finite element model for column with aspect ratio 

1.7 (whole column) (b) steel elements (c) Mesh of CFRP. 
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Figure (5-29) (a) Finite element model for column with aspect ratio 

2.7 (whole column) (b) steel elements (c) Mesh of CFRP. 

 

5.4.1 Results of the Analysis: 

       The axial load-axial strain curves at middle point in the height of 

columns (C1FP1, C2FP1, C3FP1, C1SFP1, C2SFP1 and C3SFP1) 

obtained from the numerical study along with the experimental curves as 

reported by Harajli et al. are presented and compared in Figures from (5- 

30) to (5-35). These figures show good agreement between the 

experimental and finite element axial load- axial strain curves. Figures 

from (5-36) to (5-41) show axial strain of (C1FP1, C2FP1, C3FP1, 

C1SFP1, C2SFP1 and C3SFP1) columns. 

       Table (5-8) shows the computed ultimate load and axial strain from 

the finite element analysis and the actual experimental ultimate load and 

axial strain of reinforced concrete columns confined with CFRP jackets. 

It can be seen that the ratio of the experimental to numerical axial load, 
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axial strain ranges between 0.934-1.02, 0.91-1.06.These results prove the 

validation of the finite element models in the analysis of rectangular 

reinforced concrete columns strengthened with CFRP composites.   

 

Table (5-8) Experimental and numerical results of ultimate load and 

axial strain  

Column 
Aspect 

ratio 

Final load [kN] Axial strain 

EXP FEM 
FEM 

EXP 
EXP FEM 

FEM 

EXP 

Columns with plain concrete (f´c= 18.3 MPa) 

C1FP1 1.0 499.1 471 0.943 0.014 0.0135 0.96 

C2FP1 1.7 420.4 430 1.022 0.00802 0.0079 0.98 

C3FP1 2.7 468.7 438 0.934 0.00484 0.00513 1.06 

Columns with reinforced concrete (f´c= 15.2 MPa) 

C1SFP1 1.0 557.3 533 0.956 0.01562 0.01453 0.93 

C2SFP1 1.7 505.8 481 0.951 0.01308 0.01194 0.91 

C3SFP1 2.7 432.3 415 0.960 0.01069 0.00987 0.92 
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Figure (5-30) Experimental and numerical axial load-axial strain 

curves of plain concrete column strengthened with CFRP wraps 

(C1FP1) with aspect ratio (1.0) 
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Figure (5-31) Experimental and numerical axial load-axial strain 

curves of plain concrete column strengthened with CFRP wraps 

(C2FP1) with aspect ratio (1.7) 
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Figure (5-32) Experimental and numerical axial load-axial strain 

curves of plain concrete column strengthened with CFRP wraps 

(C3FP1) with aspect ratio (2.7) 
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Figure (5-33) Experimental and numerical axial load-axial strain 

curves of reinforced concrete column strengthened with CFRP wraps 

(C1SFP1) with aspect ratio (1.0) 
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gure (5-34) Experimental and numerical axial load-axial strain 

curves of reinforced concrete column strengthened with CFRP wraps 

(C2SFP1) with aspect ratio (1.7)  
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Figure (5-35) Experimental and numerical axial load-axial strain 

curves of reinforced concrete column strengthened with CFRP wraps 

(C3SFP1) with aspect ratio (2.7) 
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Figure (5-36) Variations in axial strain for plain column (C1FP1) 

using ANSYS (aspect ratio (1.0)) 

 

 
Figure (5-37) Variations in axial strain for plain column (C2FP1) 

using ANSYS (aspect ratio (1.7)) 
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Figure (5-38) Variations in axial strain for plain column (C3FP1) 

using ANSYS (aspect ratio (2.7)) 

 

 
Figure (5-39) Variations in axial strain for reinforced concrete 

column (C1SFP1) using ANSYS (aspect ratio (1.0)) 
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Figure (5-40) Variations in axial strain for reinforced concrete 

column (C2SFP1) using ANSYS (aspect ratio (1.7)) 

 

Figure (5-41) Variations in axial strain for reinforced concrete 

column (C3SFP1) using ANSYS (aspect ratio (2.7)) 
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   ِب ْسيِب  الَّل ِب  الَّل ْس َم ِب  الَّل ِب يِب 
 اَّل ِب  َم  ُه وُه     َم    اَّل ِب  َم  آَم ُه   آِب نُهيْس  ُه  َملْس َم ِب  الَّل 

 الَّل ُه  ِب َم  وَملْس َملُه وَم  َم ِب لٌر   َم   الِبلْسيَم  َم َم َم اٍت 
  الَم ِب يِب   ُه  الَّل  َم َم َم  

( ١١- ا ج  اة) 



 الخالصــة
 (CFRP)       تقوية األعمدة الكونكريتية المسمحة بغطاء من البوليمر المسمح بألياف الكاربون 

قد برز في السنوات األخيرة كبديل ممتاز عن التقوية بغطاء من ألواح الحديد أو عن التقوية 

بأستخدام الغطاء الكونكريتي المسمح نظرًا لمخصائص الميكانيكية الممتازة التي يتمتع بيا 

((CFRPمقاومة الشد العالية ،الوزن الخفيف ،المقاومة العالية لمتآكل ، قصر فترة :  والتي منيا

. التثبيت  والكمفة الواطئة لألدامة

       في ىذه الدراسة تم أنشاء نماذج عناصر محددة ثالثية األبعاد بأستخدام برنامج 

(ANSYS) لتحميل األعمدة الكونكريتية المقواة بالبوليمر المسمح بألياف الكاربون  (9)األصدار

المتأتي من ىذه التقوية و أيضًا لدراسة تأثير  (المقاومة والمطيمية)وكذلك لتقييم األداء المكتسب 

 ،مقاومة أنظغاط CFRP ،معامل مرونة CFRPسمك طبقة :العوامل األكثر أىمية مثل

الكونكريت ،نسبة الطول الى العرض لممقطع المستطيل ، نسبة نحافة العمود ،حالة التعرض الى 

. حمل غير مركزي ونصف قطر زوايا مقطع العمود المربع

 أستخدم لتمثيل الكونكريت و (SOLID65)       عنصر طابوقي ثالثي األبعاد ثماني العقد 

ثالثي  حديدالتسميح وعنصرقشري أستخدم لتمثيل(LINK8) عنصر نحيف ثالثي األبعاد 

.  (CFRP)البوليمر المسمح بألياف الكاربون   أستخدم لتمثيل (SHEEL99)األبعاد

       في ىذه الدراسة قورنت النتائج التحميمية الناتجة من التحميل بطريقة العناصر المحددة 

الدئرية،المربعة و )مع النتائج التجريبية لثالث أنواع من األعمدة (ANSYS)بأستخدام برنامج 

. النتائج التحميمية كانت في تطابق جيد مع النتائج التجريبية. لثالثة بحوث عممية (المستطيمة

دراسة العوامل المؤثرة بينت زيادات في المقاومة و المطيمية المكتسبة عند مقارنتيا مع األعمدة 

% 170.15)وصمت الزيادة الى  ( ممم0.660) لـسمك CFRPالمرجعية فعند زيادة سمك طبقة 



عمى  (%107.9،%83.2)عمى التوالي لألعمدة الدائرية و (في المطيمية%201.7في المقاومة،

وصمت الزيادة الى  ( كيكا باسكال560)وعند زيادة معامل المرونة لقيمة .التوالي لألعمدة المربعة

عمى التوالي  (91.64، %69.73)عمى التوالي لألعمدة الدائرية و  (217.5%،111.8%)

وصمت الزيادة الى  ( ممم35)لألعمدة المربعة وعند زيادة نصف قطر زوايا المقطع المربع لقيمة 

كذلك بينت الدراسة تناقص في زيادة المقاومة و المطيمية . عمى التوالي (141.6،253.2%)

المكتسبة عند مقارنتيا مع األعمدة المرجعية عند زيادة مقاومة أنضغاط الكونكريت  وعند زيادة 

نسبة طول المقطع الى عرضو لألعمدة المستطيمة وعند زيادة نسبة النحافة وعند تعرض األعمدة 

. الى حالة التحميل غير المركزي


